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1. Introduction

Fractional calculus has a remarkable 325 years history, but there are still many unan-
swered theoretical and practical questions. Fractional calculus is used by Abel [1] to solve
the tautrocrone problem. The use of fractional calculus in differential and integral equa-
tions is highlighted in this work [9]. Numerous more articles written by other scholars in
[13, 16, 21, 24] provide a variety of concepts and applications related to fractional opera-
tors. Many researchers argue that a single Fractional operator cannot correctly represent
the complexity of various complex scientific and engineering processes, such as the Caputo
ones. Considering that additional experimental proof is needed to verify the fractional
models’ accuracy [3, 12].

An increasing number of mathematicians and experts have focused on fractional dif-
ferential and integral equations in recent years [2, 22]. Many phenomena in a variety of
disciplines, such as dynamics, physics, biology, and mechanics, have scientific interpreta-
tions that align with the fractional order derivatives. The existence theory of solutions
is one of the primary study topics for fractional order differential equations, and ana-
lysts are closely monitoring. An exact solution to a fractional order differential equation
may be difficult to find. It can be difficult to work with fractional calculus’s non-singular
kernel. By expanding their kernels, the authors [8, 15, 27] has recently defined the gen-
eralization of fractional operators. Samraiz et al. described the (k, s) form of fractional
operators with a non-singular kernel and their physics applications in [27]. They used the
(k, s) form of fractional operators to solve the Cauchy problems after proving them. The
Hilfer-Prabhakar fractional derivative (k, s) was introduced by Samraiz et al. [28]. The
weighted generalized form of fractional operators with a non-singular kernel associated
with Mittag-Leffler (M-L) function are presented by [25, 29]. These operators are used to
identify Cauchy problems in continuous time random walk theory.By using the multivari-
ate M-L function as a non-singular kernel, the authors in [26] developed the generalized
(k, s) fractional operators. To learn more about the applications of fractional operators
with non-singular kernels, we refer the interested reader to [4, 5, 10, 14, 23, 30, 31].

2. Preliminaries

Let’s recall the following essential definitions.
The following are the definitions of beta and gamma functions found in [32].

Definition 1. We begin with the well-known gamma function which is defined by

Γ(κ1) =

∞∫
0

uκ1−1e−udu, Re(κ1) > 0.

Definition 2. The well-known beta function B(κ1, ζ1) can be defined by

B(κ1, ζ1) =

1∫
0

τκ1−1(1− τ)ζ1−1dτ, R(κ1) > 0, R(ζ1) > 0
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and its relation with Γ function is given by

B(κ1, ζ1) =
Γ(κ1)Γ(ζ1)

Γ(κ1 + ζ1)
.

Definition 3. The power M-L function is recently introduced by Lotfi et al. [11] as follows:

pEϱ1,κ1(ϱ) =

∞∑
n=0

(ϱ ln p)n

Γ(ϱ1n+ κ1)
, (1)

where ϱ ∈ C, p > 1, ℜ(κ) > 0 and ℜ(ϱ) > 0.

Remark 1. The following are the special cases of Power M-L function:
i. If we take ϱ = κ = 1 and p = e, we get

eE1,1(ϱ) =

∞∑
n=0

ϱn

Γ(n+ 1)
=

∞∑
n=0

ϱn

n!
= eϱ.

ii. If we take κ = 1 and p = e, we get

eEϱ1,1(ϱ) =

∞∑
n=0

ϱn

Γ(ϱ1n+ 1)
.

iii. If we take p = e, we get

eEϱ1,κ1(ϱ) =

∞∑
n=0

ϱn

Γ(ϱ1n+ κ1)
.

Hölder’s inequality was first derived by Leonard James Rogers in 1888, then Ludwig
Otto Hölder presented it in a different way in 1889. The following definition provides an
explanation of Hölder inequality.

Definition 4. [6] For a given two real numbers, r1 and s1, such that r1 , s1 > 1 and
1
r1

+ 1
s1

= 1, the Hölder integral inequality is stated by

u∫
v

|f1(ϱ)g1(ϱ)|dϱ ≤

 u∫
v

|f1(ϱ)|r1dϱ

 1
r1

 u∫
v

|g1(ϱ)|s1dϱ

 1
s1

,

where f1, g1 ∈ C1[u, v].

The Lebesgue measurable functions with norm are defined as follows by Kilbas et al.
in [9].

Definition 5. Consider a function g that is defined on [c, d]. The Lebesgue measurable
functions space χq(c, d), 1 ≤ q ≤ ∞, for which ∥ Ψ ∥χq<∞, i.e.,

∥ Ψ ∥χq=
[∫ s

r
| Ψ(ζ) |q dζ

] 1
q
, 1 ≤ q <∞,

∥ Ψ ∥χ∞= ess supc≤t≤d | Ψ(ζ) |<∞.
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Fractional calculus theory still has many remaining challenges since the Riemann and
Caputo fractional operators are not enough to solve theoretical and physical problems.
The theory still has a lot of challenges, even though researchers have defined their own
operators to fill in these gaps. Atangana-Baleanu developed the fractional operators to fill
in these gaps. These operators are useful in many theoretical and physical applications,
both in the Riemann and Caputo senses. For example, Panda et al. [20] investigated
the Willis aneurysm system and solved a nonlinear singularity perturbed boundary value
problem using the Atangana-Baleanu operator. The investigation of COVID-19 prevalence
in France, Italy, and the US by Panda et al. in [17] is one of the other uses of the Atangana-
Baleanu operators. He introduced new results on the existence and uniqueness of the 2019-
nCOV models with respect to fractional and fractal-fractional operator-based solutions.
Moreover, the solutions to the Atangana-Baleanu fractional equations, the complex valued
Atangana-Baleanu operator, and the Lp-Fredholm integral equations are examined in [18]
and [19]. Using this method, fractional operators in the Caputo sense take on a new shape.

Definition 6. [2] If g′ ∈ H1(0, T ), then the Atangana-Baleanu fractional operator in
Caputo sense of order 0 < δ < 1 is defined as follows:

ABCD
δ
0g(ξ) =

R(δ)

1− δ

∫ ξ

0
Eδ

(
− ωδ

(
ξ − ζ

)δ)
g′(ζ)dζ, ζ ≥ 0

and its associated integral operator is provided by

ABCI
δ
0g(ξ) =

1− δ

R(δ)
g(ξ) +

R(δ)

1− δ

∫ ξ

0

(
ξ − ζ

)δ
g(ζ)dζ, ζ ≥ 0. (2)

Numerous theoretical results can be solved using the aforementioned operators. Al-
Refai et al. in [23] explains how spaces are utilised extensively in operator applications.
Consider the differential equation ABCD

δ
0g(ξ) = λg(ξ), where g(ξ) ∈ C1(0, T ). The trivial

solution, ABCD
δ
0g(0) = 0, is given by the solution λg(0) + h(0) = 0 to the fractional

equation ABCD
δ
0g(ξ) = −λg(ξ) + h(ξ). However, the Caputo derivative is constrained by

this area. We will consider χ(g) =
{
g : g′ ∈ L1[0, 1]

}
is the space for the following initial

value problem

ABCD
δ
0g(ξ) =

{
−λg(ξ) + h(ξ), ξ ∈ (0, T );
g0, ξ = 0,

we obtain the following solution for 0 < δ < 1,

g(ξ) = g0Eδ,1(−λθδ) +
∫ θ

0
(θ − ζ)δ−1Eδ,δ(−λ(θ − ζ)δ)h(ζ)dζ.

The related homogeneous equation g(ξ) = g0Eδ,1(−λθδ) likewise yields a nontrivial solu-
tion. The definition and discussion of the weighted form of Atangana-Baeanu operators
in differential equations is found in [22].



Gauhar Rahman et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5697 5 of 26

Definition 7. [22] The weighted Atangana-Baleanu fractional operator of order 0 < δ < 1
for a given g′ ∈ L1(0, T ), is defined by

ABCD
δ
0g(ξ) =

R(δ)w−1(ζ)

1− δ

∫ ξ

0
Eδ

(
− ωδ

(
ξ − ζ

)δ)
(w(ζ)g(ζ))′dζ, ζ ≥ 0,

and its associated integral operator is given by

ABCI
δ
0g(ξ) =

1− δ

R(δ)
g(ξ) +

R(δ)

1− δ
w−1(ζ)

∫ ξ

0

(
ξ − ζ

)δ
w(ζ)g(ζ)dζ, ζ ≥ 0,

where the normalised function R(δ), has the property R(0) = R(1) = 1.

Our main objective is to define the modified power fractional operators and power
fractional differential equations and to determine their exact solutions using a variety of
methods. we offer the modified power fractional operators as a tool to characterise numer-
ous power differential equations. The work presented in this paper are the generalization
of the work done by [2, 7, 11].

3. The Modified Power Fractional Derivative in Caputo Sense

We introduce the modified power fractional derivative operators in this section. We in-
troduce its Laplace transformation and boundedeness. Moreover, a few relevant examples
are shown.

Definition 8. The generalised form of the modified fractional (MPC) derivative operator
of order 0 < δ < 1 and p > 1 with regard to another function ℏ, given g as a continuous
function and g′ ∈ L1(0, T ), is defined as follows:

MPC
ℏ Dδ;κ;p

a+
g(ξ) =

R(δ)

1− δ

∫ ξ

a

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ, ζ ≥ 0. (3)

Integrating by parts leads to

MPC
ℏ Dδ;κ;p

a+
g(ξ) =

R(δ)

1− δ

[
g(ξ)− pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
g(a)

− ωδ(ln p)

∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1 pEκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)ℏ′(ζ)g(ζ)dζ].
The functions ωδ =

δ
1−δ , ℏ, a strictly increasing function, and R(δ), a normalized function

with the condition R(0) = R(1) = 1 are among them.

Remark 2. i. Letting ℏ(ξ) = ξ, κ = δ and p = e in (3) then we get Definition 7.
ii. Letting we substitute κ = δ and p = e in (3) then we get the operator defined by [7].
iii. Letting ℏ(ξ) = ξ in (3) then we get Definition of power fractional derivative defined
by [11].
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We demonstrate the boundedness of the operator given by Definition 8 in the first
result of this section.

Theorem 1. Considering g ∈ Xp(0, T ), and ℏ, δ
1−δ = ωδ and R(δ), permit the same

characteristics as stated in 8; hence, the inequality∥∥∥MPC
ℏ Dδ;κ;p

a+
g(ξ)

∥∥∥
Xp

≤ R(δ)

1− δ
∥g(ξ)∥Xp +

R(δ)

1− δ

∥∥∥ pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
g(a)

∥∥∥
Xp

+
R(δ)

1− δ

∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|
|
(
ℏ(θ)− ℏ(a)

)
|(κn+κ−1)

(κn+ κ− 1)
||f ||Xp , (4)

holds for 1 ≤ r1 <∞.

Proof. Through application of Definition 8, we have∥∥∥MPC
ℏ Dδ;κ;p

a+
g(ξ)

∥∥∥
Xp

≤ R(δ)

1− δ

∥∥∥g(ξ)− Eκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
g(a)

∥∥∥
Xp

+
R(δ)

1− δ

∥∥∥∥ωδ(ln p)

∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1 pEκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)ℏ′(ζ)g(ζ)dζ∥∥∥∥
Xp

≤ R(δ)

1− δ
∥g(ξ)∥Xp +

R(δ)

1− δ

∥∥∥Eκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
g(a)

∥∥∥
Xp

+
R(δ)

1− δ

∥∥∥∥ωδ(ln p)

∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1Eκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)ℏ′(ζ)g(ζ)dζ∥∥∥∥
Xp

. (5)

Consider∥∥∥∥∫ ξ

0
(ℏ(ξ)− ℏ(ζ))δ−1 pEκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)ℏ′(ζ)g(ζ)dζ∥∥∥∥
Xp

=
∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|

∥∥∥∥∫ ξ

0

(
ℏ(ξ)− ℏ(ζ)

)κn+κ−1ℏ′(ζ)g(ζ)dζ
∥∥∥∥
Xp

=

∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|

(∫ θ

a

∣∣∣∣∣
∫ ξ

a

(
ℏ(ξ)− ℏ(ζ)

)κn+κ−1ℏ′(ζ)g(ζ)dζ

∣∣∣∣∣
r1

ℏ′(ξ)du

) 1
r1

.

Substituting λ = ℏ(ζ) and ρ = ℏ(ξ), we obtain

=
∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|

(∫ ℏ(θ)

ℏ(a)

∣∣∣∣∣
∫ ℏ(ξ)

ℏ(a)
|
(
ρ− λ

)
|κn+κ−1g(ℏ−1(λ))dλ

∣∣∣∣∣
r1

dρ

) 1
r1

.

The generalised Minkowski’s inequality gives us the following

≤
∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|

(∫ ℏ(θ)

ℏ(a)
|g(ℏ−1(λ))|r1

∫ ℏ(θ)

λ
|
(
ρ− λ

)
|(κn+κ−1)r1dρ

) 1
r1

dλ
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=

∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|

(∫ ℏ(θ)

ℏ(a)
|g(ℏ−1(λ))|r1

|
(
ℏ(θ)− λ

)
|(κn+κ−1)r1+1

(κn+ κ− 1)r1 + 1

) 1
r1

dλ.

With the help of Hölder inequality, we have

≤
∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|

(∫ ℏ(θ)

ℏ(a)
|g(ℏ−1(λ))|r1dλ

) 1
r1

(∫ ℏ(θ)

ℏ(a)

( |
(
ℏ(θ)− λ

)
|(κn+κ−1)r1+1

(δn− 1)r1 + 1

) s1
r1

dλ

) 1
s1

≤
∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|

(∫ ℏ(θ)

ℏ(a)
|g(ℏ−1(λ))|r1dλ

) 1
r1 |
(
ℏ(θ)− ℏ(a)

)
|(κn+κ−1)

(κn+ κ− 1)
,

where 1
r1

+ 1
s1

= 1. By substituting ℏ−1(λ) = t, we obtain

=

∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|
|
(
ℏ(θ)− ℏ(a)

)
|(κn+κ−1)

(κn+ κ− 1)

∫ ℏ(θ)

ℏ(a)
|g(ζ)|r1ℏ′(ζ)dζ

=

∞∑
n=0

|ωδ(ln p)|n

|Γ(κn+ κ)|
|
(
ℏ(θ)− ℏ(a)

)
|(κn+κ−1)

(κn+ κ− 1)
||f ||Xp .

By using this equation in (5), we have the result (4).

Now, we present some illustrative examples of new fractional derivative operator.

Example 1. Assume 0 < δ < 1 and a constant function g(ζ) = C. The Definition 8
allows us to write

(MPC
ℏ Dδ;κ;p

a+
C)(ζ) =

R(δ)

1− δ

[
C − pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
C

− ωδ(ln p)

∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1 pEκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)ℏ′(ζ)Cdζ]

=
R(δ)

1− δ

[
C − pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
C

− ωδ(ln p)
( −1

ωδ(ln p)

(
pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a+)

)κ)− 1
))
C

(MABC
ℏ Dδ

0C)(ζ) = 0.

This shows that the differentiation of a constant is zero.

Example 2. If we choose g(ξ) =
(
ℏ(ξ)− ℏ(ζ)

)ρ
, then we have

MPC
ℏ Dδ;η;p

a+
g(ξ) =

R(δ)

1− δ

∫ ξ

a

pEκ,1
(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ) d
dζ

(
ℏ(ξ)− ℏ(ζ)

)ρ
dζ
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κ = 0.2

κ = 0.5

κ = 0.8

Figure 1: The graphical representation of absolute value of (6) corresponding to choice 0 ≤ ξ ≤ 1.

= −ρR(δ)
1− δ

∞∑
n=0

(ln p)n(−ωδ)
n

Γ(κn+ 1)

∫ ξ

a

(
ℏ(ξ)− ℏ(ζ)

)κn+ρ−1ℏ′(ζ)dζ

=
ρR(δ)

1− δ

∞∑
n=0

(−1)n+1(ln p)n(ωδ)
n

Γ(κn+ 1)

(
ℏ(ξ)− ℏ(a)

)κn+ρ

κn+ ρ

Example 3. If we choose ℏ(ξ) = ξ, ρ = 2, R(δ) = 1, δ = 1
2 , a = 0, ℏ(0) = 0 and p = 2 in

Example 2, then we have

MPC
ℏ Dδ;η;p

a+
f(ξ) = 4

∞∑
n=0

(−1)n+1(ln 2)n

Γ(κn+ 1)

(ξ)κn+2

κn+ 2
. (6)

The graphical representation of (6) for the choice of order κ = 0.2, 0.5, 0.8, is given by the
following graph.

Example 4. If we choose ℏ(ξ) = ln(ξ + 1), ρ = 2, R(δ) = 1, δ = 1
2 , a = 0, ℏ(0) = 0 and

p = 2 in Example 2, then we have

MPC
ℏ Dδ;η;p

a+
f(ξ) = 4

∞∑
n=0

(−1)n+1(ln 2)n

Γ(κn+ 1)

(ln(ξ + 1))κn+2

κn+ 2
. (7)

The graphical representation of (7) for the choice of order κ = 0.2, 0.5, 0.8, is given by the
following graph

Example 5. If we choose ℏ(ξ) =
√
ξ + 1, ζ = 2, R(δ) = 1, δ = 1

2 , a = 0, ℏ(0) = 0 and
p = 2 in Example 2, then we have

MPC
ℏ Dδ;η;p

a+
f(ξ) = 4

∞∑
n=0

(−1)n+1(ln 2)n

Γ(κn+ 1)

(
√
ξ + 1)κn+2

κn+ 2
. (8)
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Fractional Operator Plot H0 < Ξ < 1L

Κ = 0.5 Κ = 0.2 Κ = 0.8

Figure 2: The 2-dimensional graphical representation of (6) corresponding to choice 0 ≤ ξ ≤ 1.

The graphical representation of (8) for the choice of order κ = 0.2, 0.5, 0.8, is given by the
following graph.

Example 6. Suppose that function g be piecewise continuous

g(ζ) =

{
ℏ

−1
2 (ζ), ζ ̸= 0;

A, ζ = 0.
(9)

Putting A ∈ R \ {0}, now κ = 1
2 = δ, ℏ(0) = 0, uδ = 1, a = 0 and R(δ) = 1 according to

Definition 8, we get

MPC
ℏ D

1
2
; 1
2
;p

0 g(ξ) = 2
[
g(ξ)−A pE 1

2
,1

(
−
(
ℏ(ξ)

) 1
2

)
− ln p

∫ ξ

0
(ℏ(ξ)− ℏ(ζ))−

1
2
pE 1

2
, 1
2

(
−
(
ℏ(ξ)− ℏ(ζ)

) 1
2

)
ℏ′(ζ)ℏ

−1
2 (ζ)dζ

]
= 2
[
g(ξ)−AE 1

2
,1

(
−
(
ℏ(ξ)

) 1
2

)
− ln p

√
π pE 1

2
,1

(
−
(
ℏ(ξ)

) 1
2

)
= 2
[
g(ξ)− (A+ ln p

√
π) pE 1

2
,1

(
−
(
ℏ(ξ)

) 1
2

)]
. (10)

By using series expansion of

pE 1
2
,1

(
−
(
ℏ(ξ)

) 1
2

)
= 1 + (ℏ(ξ))

1
2 ln p

Γ( 3
2
)

+ · · · , we have

pE 1
2
,1

(
0
)
= 1. Hence, we get

MABC
ℏ D

1
2
; 1
2
;p

0 g(0) = −2 ln p
√
π ̸= 0.

Remark 3. i. If we put p = e, then we get the result proved by Huang et al. [7].
ii. If we put p = e and ℏ(ξ) = ξ, then it reduce to the example solved by Al-Refai et al.
[23].
iii. If we put ℏ(ξ) = ξ, then we get the solution of the problem for power fractional
derivative defined by Lotfi et al. [11].
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κ = 0.2

κ = 0.5

κ = 0.8

Figure 3: The graphical representation of absolute value of (7) corresponding to choice 0 ≤ ξ ≤ 1.

Definition 9. The modified power fractional derivative operator in the R-L sense of order
0 < δ < 1, κ > 0, and p > 1 with respect to another function ℏ, is defined as follows,
assuming g is a continuous function and g′ ∈ L1(0, T ) by

MPRL
ℏ Dδ;κ;p

a+
g(ξ) =

R(δ)

1− δ

d

dζ

∫ ξ

a

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g(ζ)dζ, ζ ≥ 0, (11)

where R(δ) is a normalised function with the property R(0) = R(1) = 1, ωδ =
δ

1−δ , and ℏ
is a strictly rising function.

Remark 4. i. If we substitute ℏ(ξ) = ξ, κ = δ and p = e in (11), then we get the
well-known definition Atangana-Baleanu fractional derivative operator in the R-L sense.
ii. If we substitute ℏ(ξ) = ξ, in (11), then we get definition of power fractional derivative
in R-L sense defined by Lotfi et al. [11].

Remark 5. The modified power fractional derivative in R-L sense satisfies the following
property

MPRL
ℏ D0;κ;p

a+
g(ξ) = g(ξ).

Theorem 2. The modified fractional derivative in both Caputo and R-L senses satisfy the
property of linearity for all α, λ and f, g ∈ L1(a, b).

Proof. One can easily prove that

MPC
ℏ Dδ;κ;p

a+

(
αg(ξ) + λg(ξ)

)
= αMPC

ℏ Dδ;κ;p
a+

g(ξ) + λMPC
ℏ Dδ;κ;p

a+
g(ξ),

and

MPRL
ℏ Dδ;κ;p

a+

(
αg(ξ) + λg(ξ)

)
= αMPRL

ℏ Dδ;κ;p
a+

g(ξ) + λMPRL
ℏ Dδ;κ;p

a+
g(ξ).
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Figure 4: The 2-dimensional graphical representation of (7) corresponding to choice 0 ≤ ξ ≤ 1.

Definition 10. The Laplace transform of ψ is produced by letting ℏ (where ℏ is a mono-
tonically increasing) and ψ be defined on [a,∞) by

Lℏ(ψ)(s) =

∞∫
a

e−s(ℏ(ξ)−ℏ(a))ℏ
′
(ξ)ψ(ξ)dζ

such that the equation (10) holds for all values of s.

Definition 11. The convolution of the function Φ and ω associated with ϕ is provided by

(Φ ∗ϕ ω)(ξ) =
∫ θ

a
Φ
(
ϕ−1 (ϕ(θ) + ϕ(a)− ϕ(ζ))

)
ω(ζ)ϕ

′
(ζ)dζ.

For FO (fractional operator) in Definition 8, the convolution form is provided by

MPC
ℏ Dδ;κ;p

a+
g(ξ) =

R(δ)

1− δ

[
g(ξ)− pEδ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
g(a)

− ωδ(ln p)

∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1 pEκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)ℏ′(ζ)g(ζ)dζ]

=
R(δ)

1− δ

[
g(ξ)− pEδ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
g(a)

− ωδ(ln p)(ℏ(ξ)− ℏ(a))κ−1 pEκ,κ

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ) ∗ g(ζ)]. (12)
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κ = 0.2

κ = 0.5

κ = 0.8

Figure 5: The graphical representation of absolute value of (8) corresponding to choice 0 ≤ ξ ≤ 1.

The power M-L function involved in the newly established operator specified by Definition
8 is then evaluated using the Laplace transform in the subsequent lemma.

Lemma 1. Given an increasing function ℏ and a range 0 < δ < 1, we have

Lℏ

(
pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ))
(s) =

sκ−1

sκ + ωδ ln p
, |ωδ ln p

sκ
| < 1. (13)

Proof. By employing Definition 10, we have

Lℏ

(
pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ))
(s) =

∞∫
a

e−s(ℏ(ξ)−ℏ(a))ℏ
′
(ξ)

× pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
dζ

=

∞∑
n=0

(−ωδ ln p)
n

Γ(κn+ 1)

∞∫
a

e−s(ℏ(ξ)−ℏ(a))ℏ
′
(ξ)
(
ℏ(ξ)− ℏ(a)

)κn
dζ.

Substituting (ℏ(ξ)− ℏ(a)) = ζ, we obtain

Lℏ

(
pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ))
(s) =

∞∑
n=0

(−ωδ ln p)
n

Γ(δn+ 1)

∞∫
a

e−sζtδndζ =
∞∑
n=0

(−ωδ ln p)
n

Γ(κn+ 1)
L{tκn}

=
∞∑
n=0

(−ωδ ln p)
n

sκn+1
=

sκ−1

sκ + ωδ ln p
,

which gives the desired result.
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Figure 6: The 2-dimensional graphical representation of (8) corresponding to choice 0 ≤ ξ ≤ 1.

Theorem 3. For a given continuous function g and g′ ∈ L1(0, T ), the GLT of the modified
derivative operator (3) of order 0 < δ < 1 can be defined as follows:

Lℏ

(MPC

ℏ
Dδ;κ;p

a+
g(ξ)

)
(s) =

R(δ)

1− δ

sκLℏ{g(ξ)} − sκ−1g(a)

sκ + ωδ ln p
,

where |ωδ ln p
sκ | < 1.

Proof. By using the equation (12), we have

Lℏ{MPC
ℏ Dδ;κ;p

a+
g(ξ)}(s) = R(δ)

1− δ

(
Lℏ{g(ξ)} − g(a)Lℏ

(
pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ))

− ωδ ln pLℏ

((
ℏ(ξ)− ℏ(a)

)κ−1 pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ) ∗ g(ξ)))

=
R(δ)

1− δ

(
Lℏ{g(ξ)} − g(a)

sκ−1

sκ + ωδ ln p
− ωδ ln p

∞∑
n=0

(−ωδ ln p)
n

Γ(κn+ κ)

× Lℏ

((
ℏ(ξ)− ℏ(a)

)κ(ℏ(ξ)− ℏ(a)
)κn−1

)
Lℏ{g(ξ)}

=
R(δ)

1− δ

(
Lℏ{g(ξ)} − g(a)

sκ−1

sκ + ωδ ln p
− ωδ ln p

∞∑
n=0

(−ωδ ln p)
n

Γ(κn+ κ)

× Lℏ

((
ℏ(ξ)− ℏ(a)

)κ(n+1)−1
)
Lℏ{g(ξ)}

)
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=
R(δ)

1− δ

(
Lℏ{g(ξ)} − g(a)

sκ−1

sκ + ωδ ln p
− ωδ ln p

∞∑
n=0

(−ωδ ln p)
n

sκ(n+1)
Lℏ{g(ξ)}

)

=
R(δ)

1− δ

(
Lℏ{g(ξ)} − g(a)

sκ−1

sκ + ωδ ln p
− ωδ ln p

sκ + ωδ ln p
Lℏ{g(ξ)}

)

=
R(δ)

1− δ

sκLℏ{g(ξ)} − sκ−1g(a)

sκ + ωδ ln p
.

Hence the result is proved.

Example 7. When 0 < δ < 1 and κ > 0 are chosen as the parameters, and |ωδ ln p
sκ | < 1,

the equation’s solution

MPC
ℏ Dδ

0g(ξ) = C

is provided by

g(ζ) =

 C(1−δ)
R(δ)

(
1 + ωδ ln p

(
ℏ(ζ)
)κ

Γ(κ+1)

)
, ζ ̸= 0;

0, ζ = 0.

Proof. By given hypothesis g(0) = 0, and for ζ > 0, we have

Lℏ{MPC
ℏ Dδ;κ;p

0 g(s)} ==
R(δ)

1− δ

sκ

sκ + ωδ ln p

(
Lℏ{g(ζ)}(s)

)
= C sκ

sκ + ωδ ln p
Lℏ
(
1 + ωδ ln p

(
ℏ(ζ)

)κ
Γ(κ+ 1)

)
(s)

= C sκ

sκ + ωδ ln p

(1
s
+
ωδ ln p

sκ+1

)
=

C
s
.

This implies that

Lℏ{MPC
ℏ Dδ;κ;p

0 g(s)} = Lℏ(C).

The action of inverse Laplace will give the desired result.

Theorem 4. Suppose that g be a continuous function and g′ ∈ L1(0, T ), then the GLT of
the modified fractional derivative (11) of order 0 < δ < 1, p > 1, and κ > 0 is given by

Lℏ

(MPRL

ℏ
Dδ;κ;p

a+
g(ξ)

)
(s) =

R(δ)

1− δ

sκLℏ{g(ξ)}
sκ + ωδ ln p

,

where |ωδ ln p
sκ | < 1.
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Proof. Applying Laplace transformation on both sides of (11), we have

Lℏ

(MPRL

ℏ
Dδ;κ;p

a+
g(ξ)

)
(s) =

R(δ)

1− δ
Lℏ
[ d
dζ

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ) ∗ g(ξ)](s)
=
sR(δ)

1− δ
Lℏ
[
pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ) ∗ g(ξ)](s)
=
sR(δ)

1− δ
Lℏ
[
pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)]
(s)Lℏ

[
g(ζ)

]
(s)

=
R(δ)

1− δ

sκLℏ
[
g(ζ)

]
(s)

sκ + ωδ ln p
.

which proves the required result.

Theorem 5. For the following FDE (fractional differential equation)

MPRL
ℏ Dδ;κ;p

a+
x(ξ) = g(ξ), (14)

there exist a unique solution as follows:

x(ξ) =
R(δ)

1− δ
g(ξ) +

δ ln p

R(δ)
RL
ℏ Iκ0g(ξ), (15)

where RLIκ0 is the generalized R-L fractional integral.

Proof. By applying Laplace on (14), we have

Lℏ
{

MPRL
ℏ Dδ;κ;p

a+
x(ξ)

}
(s) = Lℏ

{
g(ξ)

}
(s).

By using Theorem 4, we obtain

Lℏ
{

MPRL
ℏ Dδ;κ;p

a+
x(ξ)

}
(s) =

R(δ)

1− δ
Lℏ
{
g(ξ)

}
(s) +

δ ln p

R(δ)sκ
Lℏ
{
g(ξ)

}
(s)

=
R(δ)

1− δ
Lℏ
{
g(ξ)

}
(s) +

δ ln p

R(δ)Γ(κ)
Lℏ
{(

ℏ(ζ)
)λ−1 ∗ g(ξ)

}
(s)

= Lℏ
{R(δ)
1− δ

g(ξ) +
δ ln p

R(δ)Γ(κ)

(
ℏ(ζ)

)λ−1 ∗ g(ξ)
}
(s).

By taking inverse Laplace transformation, we get

x(ξ) =
R(δ)

1− δ
g(ξ) +

δ ln p

R(δ)
RL
ℏ Iκ0g(ξ),

which gives the desired result.
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Example 8. Let us take the following power fractional differential equation on [0, 100]
(ξ ∈ [0, 100]) into consideration:

MPRL
ℏ Dδ;κ;p

a+
x(ξ) = ℏ2(ξ). (16)

By employing Theorem 5, we get

x(ξ) =
R(δ)

1− δ
ℏ2(ξ) +

δ ln p

R(δ)
RL
ℏ Iκ0ℏ2(ξ)

=
R(δ)

1− δ
ℏ2(ξ) + 2

δ ln p

R(δ)

(ℏ(ξ))κ+2

Γ(κ+ 3)
. (17)

Example 9. Letting ℏ(ξ) = ξ, we get

MPRL
ℏ Dδ;κ;p

a+
x(ξ) = ξ2. (18)

By employing Theorem 5, we get

x(ξ) =
R(δ)

1− δ
ξ2 +

δ ln p

R(δ)
RL
ℏ Iκ0ξ

2

=
R(δ)

1− δ
ξ2 + 2

δ ln p

R(δ)

ξκ+2

Γ(κ+ 3)
. (19)

Example 10. If we fixed R(δ) = 1, p = 2, 3, 4, 5, 0 < κ < 3 and δ = 1
2 in Example 9, then

we have

x(ξ) = 2ξ2 + ln p
ξκ+2

Γ(κ+ 3)
. (20)

Corresponding to the fixed values of κ = 0.2, 0.5, 0.8, we have the following 2-dimensional

p = 2

p = 3

p = 4

p = 5

Figure 7: The graphical representation of (20) corresponding to choice 0 ≤ ξ ≤ 100.

graphical representation.
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Figure 8: The 2-dimensional graphical representation of (20) corresponding to choice 0 ≤ ξ ≤ 100.

Example 11. If we fixed R(δ) = 1, p = 2, 3, 4, 5, 0 < κ < 4 and δ = 1
2 in Example 9, then

we have

x(ξ) = 2ξ2 + ln p
ξκ+2

Γ(κ+ 3)
. (21)

Corresponding to the fixed values of κ = 3.2, 3.5, 3.8, we have the following 2-dimensional

p = 2

p = 3

p = 4

p = 5

Figure 9: The graphical representation of (21) corresponding to choice 0 ≤ ξ ≤ 100.

graphical representation

Example 12. If we fixed R(δ) = 1, p = 2, 3, 4, 5, 0 < κ < 7 and δ = 1
2 in Example 9, then

we have

x(ξ) = 2ξ2 + ln p
ξκ+2

Γ(κ+ 3)
. (22)

Corresponding to the fixed values of κ = 6.2, 6.5, 6.8 , we have the following 2-dimensional
graphical representation.



Gauhar Rahman et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5697 18 of 26

20 40 60 80 100
Ξ

2.0 ´ 108

4.0 ´ 108

6.0 ´ 108

8.0 ´ 108

1.0 ´ 109

1.2 ´ 109

xHΞL

xHΞL for Different Κ and p

Color Legend: Κ = 3.2 HBlueL, Κ = 3.5 HGreenL, Κ = 3.8 HRedL

Figure 10: The 2-dimensional graphical representation of (21) corresponding to choice 0 ≤ ξ ≤ 100.
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p = 5

Figure 11: The graphical representation of (22) corresponding to choice 0 ≤ ξ ≤ 100.

20 40 60 80 100
Ξ

5.0 ´ 1011

1.0 ´ 1012

1.5 ´ 1012

2.0 ´ 1012

2.5 ´ 1012

xHΞL

xHΞL for Different Κ and p

Color Legend: Κ = 6.2 HBlueL, Κ = 6.5 HGreenL, Κ = 6.8 HRedL

Figure 12: The 2-dimensional graphical representation of (22) corresponding to choice 0 ≤ ξ ≤ 100.
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Example 13. If we fixed R(δ) = 1, p = 2, 3, 4, 5, 0 < κ < 8 and δ = 1
2 in Example 9, then

we have

x(ξ) = 2ξ2 + ln p
ξκ+2

Γ(κ+ 3)
. (23)

p = 2

p = 3

p = 4

p = 5

Figure 13: The graphical representation of (23) corresponding to choice 0 ≤ ξ ≤ 100.

20 40 60 80 100
Ξ

5.0 ´ 1012

1.0 ´ 1013

1.5 ´ 1013

2.0 ´ 1013

2.5 ´ 1013

xHΞL

xHΞL for Different Κ and p

Color Legend: Κ = 7.2 HBlueL, Κ = 7.5 HGreenL, Κ = 7.8 HRedL

Figure 14: The 2-dimensional graphical representation of (23) corresponding to choice 0 ≤ ξ ≤ 100.

Corresponding to the fixed values of κ = 7.2, 7.5, 7.8, we have the following 2-dimensional
and 3-dimensional graphical representation.

The three-dimensional and two-dimensional graphical representations illustrate the
convergence of the solution to the differential equation. This behavior demonstrates the
boundedness and convergence of the solution.
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4. The Modified Power Fractional Integral

In this section, we present an modified version of the power fractional integral operator.
Also, we discuss its boundedness, the Laplace transform, and a few other related features.

Definition 12. For any g ∈ L1(0, T ], the modified power fractional operator with 0 < δ <
1 associated ℏ is stated by as

MPI
ℏ Iδ;κ;p

a+
g(ξ) =

1− δ

R(δ)
g(ξ) +

δ ln p

R(δ)Γ(κ)

∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1ℏ

′
(ζ)g(ζ)dζ. (24)

Remark 6. i. If we consider p = e in (24), we get the fractional integral defined by [7].
ii. If we consider p = e and ℏ(ξ) = ξ in (24), we get the fractional integral defined by [2].
iii. If we consider ℏ(ξ) = ξ in (24), we get the fractional integral defined by [11].

First, we establish the boundedness of this operator.

Theorem 6. Given a strictly increasing function g ∈ Xp(0, T ), ℏ, we get ωδ = δ
1−δ .If

1 ≤ r1 < ∞ and R(δ), is a normalised function with the property R(0) = R(1) = 1, then
the following inequality is true.∥∥∥MPI

ℏ Iδ;κ;p
a+

g(ξ)
∥∥∥
Xp

≤ 1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)
∥f∥Xp

(ℏ(θ)− ℏ(a))κ−1

κ− 1
. (25)

Proof. By employing the Definition 24, we have∥∥∥MPI
ℏ Iδ;κ;p

a+
g(ξ)

∥∥∥
Xp

≤ 1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)∥∥∥∥∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1ℏ

′
(ζ)g(ζ)dζ

∥∥∥∥
Xp

=
1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

(∫ θ

0

∣∣∣ ∫ ξ

a
(ℏ(ξ)− ℏ(ζ))κ−1ℏ

′
(ζ)g(ζ)dζ

∣∣∣pℏ′(ξ)du) 1
r1 .

Substituting ϱ = ℏ(ξ) and λ = ℏ(ζ), we have∥∥∥MPI
ℏ Iδ;κ;p

a+
g(ξ)

∥∥∥
Xp

≤ 1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

×
(∫ ℏ(θ)

ℏ(a)

∣∣∣ ∫ ϱ

ℏ(0)
(ϱ− λ)κ−1g(ℏ−1(λ))dλ

∣∣∣r1dϱ) 1
r1

=
1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

×
∫ ℏ(θ)

ℏ(a)

(
|g(ℏ−1(λ))|p

∣∣∣ ∫ ℏ(θ)

λ
(ρ− λ)κ−1

∣∣∣r1dϱ) 1
r1 dλ
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=
1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

×
∫ ℏ(θ)

ℏ(a)
|g(ℏ−1(λ))|

(∫ ℏ(θ)

λ
(ρ− λ)r1(κ−1)dϱ

) 1
r1 dλ

=
1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

×
∫ ℏ(θ)

ℏ(a)
|g(ℏ−1(λ))|

((ℏ(θ)− λ)r(κ−1)+1

r1(κ− 1) + 1

) 1
r1 dλ.

With the help of Hölder, inequality, we have∥∥∥MABC
ℏ Iδ;κ;p

a+
g(ξ)

∥∥∥
Xp

≤ 1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

∫ ℏ(θ)

ℏ(a)

(
|g(ℏ−1(λ))|r1dλ

) 1
r1

×

((∫ ℏ(θ)

ℏ(a)

(ℏ(θ)− λ)r1(κ−1)+1

p(κ− 1) + 1

) s1
r1 dλ

) 1
s1

,

where 1
r1

+ 1
s1

= 1, Now substituting ℏ−1(λ) = t, we have∥∥∥MPI
ℏ Iδ;κ;p

a+
g(ξ)

∥∥∥
Xp

≤ 1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

∫ θ

a

(
|g(ζ)|r1ℏ′(ζ)dζ

) 1
r1

×

((∫ ℏ(θ)

ℏ(a)

(ℏ(θ)− ℏ(ζ))r1(κ−1)+1

r1(κ− 1) + 1

) s1
r1 ℏ′(ζ)dζ

) 1
s1

=
1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

∫ ℏ(θ)

ℏ(a)

(
|g(ζ)|r1ℏ′(ζ)dζ

) 1
r1

×

((∫ ℏ(θ)

ℏ(a)

(ℏ(θ)− ℏ(ζ))r1(κ−1)+1

r1(κ− 1) + 1

) s1
r1 ℏ′(ζ)dζ

) 1
s1

≤ 1− δ

R(δ)
∥g(ξ)∥Xp +

δ ln p

R(δ)Γ(κ)

(ℏ(θ)− ℏ(a))κ−1

κ− 1
∥f∥Xp .

Next, we determine our generalised fractional integral operator’s Laplace transform.

Theorem 7. The modified fractional integral of order 0 < δ < 1, κ > 0 associated with ℏ
is defined for g ∈ L1(0, T ] as follows:

Lℏ(
MPI
ℏ Iδ;κ;p

a+
g(ξ)) =

1− δ

R(δ)

sκ + ωδ ln p

sκ
Lℏ(g(ξ)).

Proof. Through application of Definition 24, we have

Lℏ(
MPI
ℏ Iδ;κ;pa g(ξ)) =

1− δ

R(δ)
Lℏ(g(ξ)) +

δ ln p

R(δ)Γ(κ)
Lℏ

(
(ℏ(ξ)− ℏ(a))κ−1 ∗ g(ξ)

)



Gauhar Rahman et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5697 22 of 26

=
1− δ

R(δ)
Lℏ(g(ξ)) +

δ ln p

R(δ)Γ(κ)
Lℏ

(
(ℏ(ξ)− ℏ(a))κ−1

)
Lℏ(g(ξ))

=
1− δ

R(δ)
Lℏ(g(ξ)) +

δ ln p

R(δ)sκ
Lℏ(g(ξ))

=
1− δ

R(δ)

sκ + ωδ ln p

sκ
Lℏ(g(ξ)),

which gives the desired result.

Theorem 8. Assuming g′ ∈ L1(0, T ), and 0 < δ < 1, the following outcome can be
obtained.

MPC
ℏ Dδ;κ;p

a+

(MPI

ℏ Iδ;κ;p
a+

)
g(ξ) = g(ξ)− g(0) pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
. (26)

Proof. Using the Laplace transform definition, we have

Lℏ

(
MPC
ℏ Dδ;κ;p

a+

(MPC

ℏ Iδ;κ;pa

)
g(ξ)

)
=
R(δ)

1− δ

sκ

sκ + ωδ ln p
Lℏ

(MPI

ℏ
Iδ;κ;pa g(ξ)

)
− R(δ)

1− δ

sκ−1

sκ + ωδ ln p

(
MPI
ℏ Iδ;κ;pa g(0)

)
=

sκ

sκ + ωδ ln p

(sκ + ωδ ln p

sκ

)
Lℏ(g(ξ))−

sκ−1

sκ + ωδ ln p
g(0)

= Lℏ(g(ξ))−
sκ−1

sκ + ωδ ln p
g(0).

Utilising the inverse Laplace transform, we arrive at(
MPC
ℏ Dδ;κ;p

a

(MPI

ℏ Iδ;κ;pa

)
g(ξ)

)
= g(ξ)− g(0) pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(a)

)κ)
,

which completes the required result.

Theorem 9. Assuming that g′ ∈ L1(0, T ), a = 0, and 0 < δ < 1, the following outcome
can be obtained.

MPI
ℏ Iδ;κ;p0

(MPC

ℏ Dδ;κ;p
0

)
g(ξ) = g(ξ)− g(0).

Proof. By using the Definition 8 and 24, we have

MPI
ℏ Iδ;κ;p0

(MPC

ℏ Dδ;κ;p
0

)
g(ξ) = 1−δ

R(δ)

(MPC

ℏ Dδ;κ;p
0

)
g(ξ) + δ ln p

R(δ)Γ(κ)

∫ t
0 (ℏ(ξ)− ℏ(ζ))κ−1

×ℏ′
(ζ)
(MPC

ℏ Dδ;κ;p
0

)
g(ζ)dζ

=
∫ ξ
0

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ + R(δ)

1−δ
δ ln p

R(δ)Γ(κ)

∫ ξ
0 (ℏ(ξ)− ℏ(ζ))κ−1

×ℏ′
(ζ)
∫ t
0

pEκ,1

(
− ωκ,1

(
ℏ(ζ)− ℏ(ϑ)

)κ)
g′(ϑ)dϑ
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=
∫ ξ
0

pEκ

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ + δ ln p

(1−δ)Γ(κ)

×
∫ ξ
0 g

′(ϑ)
∫ ξ
z (ℏ(ξ)− ℏ(ζ))κ−1ℏ′

(ζ) pEκ,1

(
− ωδ

(
ℏ(ζ)− ℏ(ϑ)

)κ)
dζdϑ

=
∫ ξ
0

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ + δ ln p

(1−δ)Γ(κ)

∑∞
n=0

(−ωδ ln p)n

Γ(κn+1)

×
∫ ξ
0 g

′(ϑ)
∫ ξ
z (ℏ(ξ)− ℏ(ζ))κ−1ℏ′

(ζ)
(
ℏ(ζ)− ℏ(ϑ)

)κn
dζdϑ

=
∫ ξ
0

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ + δ ln p

(1−δ)Γ(κ)

∑∞
n=0

(−ωδ ln p)n

Γ(κn+1)

×
∫ ξ
0 g

′(ϑ)
(
ℏ(ξ)− ℏ(ϑ)

)κ(n+1)−1 ∫ ξ
z

(
ℏ(ξ)−ℏ(ζ)
(ℏ(ξ)−ℏ(ϑ))

)κ−1( ℏ(ζ)−ℏ(ϑ)
(ℏ(ξ)−ℏ(ϑ))

)κn
ℏ′
(ζ)dζdϑ

=
∫ ξ
0

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ + δ ln p

(1−δ)Γ(κ)

∑∞
n=0

(−ωδ)
n

Γ(κn+1)

×B(κn+ 1, κ)
∫ ξ
0 g

′(ϑ)
(
ℏ(ξ)− ℏ(ϑ)

)κ(n+1)
dϑ

=
∫ ξ
0

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ + ωδ ln p

Γ(κ)

∑∞
n=0

(−ωδ ln p)n

Γ(κn+1)

×Γ(κn+1)Γ(κ)
Γ(κ(n+1)+1)

∫ ξ
0 g

′(ϑ)
(
ℏ(ξ)− ℏ(ϑ)

)κ(n+1)
dϑ

=
∫ ξ
0

pEκ,1

(
− ωδ

(
ℏ(ξ)− ℏ(ζ)

)κ)
g′(ζ)dζ −

∑∞
n=0

(−ωδ ln p)n+1

Γ(κ(n+1)+1)

×
∫ ξ
0 g

′(ϑ)
(
ℏ(ξ)− ℏ(ϑ)

)κ(n+1)
dϑ

=
∑∞

n=0
(−ωδ ln p)n

Γ(κn+1)

∫ ξ
0 g

′(ζ)
(
ℏ(ξ)− ℏ(ζ)

)κn
dζ

−
∑∞

n=0
(−ωδ ln p)n+1

Γ(κ(n+1)+1)

∫ ξ
0 g

′(ζ)
(
ℏ(ξ)− ℏ(ζ)

)κ(n+1)
dζ

=
∑∞

n=0
(−ωδ ln p)n

Γ(κn+1)

∫ ξ
0 g

′(ζ)
(
ℏ(ξ)− ℏ(ζ)

)κn
dζ

−
∑∞

n=1
(−ωδ ln p)n

Γ(κn+1)

∫ ξ
0 g

′(ζ)
(
ℏ(ξ)− ℏ(ζ)

)κn
dζ

=
∫ ξ
0 g

′(ζ)dζ +
∑∞

n=1
(−ωδ ln p)n

Γ(κn+1)

∫ ξ
0 g

′(ζ)
(
ℏ(ξ)− ℏ(ζ)

)κn
dζ

−
∑∞

n=1
(−ωδ ln p)n

Γ(κ(n)+1)

∫ ξ
0 g

′(ζ)
(
ℏ(ξ)− ℏ(ζ)

)κn
dζ

=
∫ ξ
0 g

′(ζ)dζ = g(ξ)− g(0).

Hence the result is completed.

5. Conclusion

In this paper, the generalization of power fractional integral and derivative operators
in both the Caputo and R-L sense are presented. These new operators allowed us to solve
differential equations, and we investigated their solutions using the generalized Laplace
transform. It is shown that the defined operators in Xp have norm and are bounded.
We evaluate the Laplace transform of both FOs. The inverse property of the operators
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is presented under certain condition g(0) = 0. Additionally, we presented some examples
both analytically and graphically. This behavior demonstrates the boundedness and con-
vergence of the solution. The graphical representations are given in both two and three
dimensions. The operators presented in this paper are more general than the existing
operators cited in literature.
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