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Abstract. The purpose of this paper is to introduce the probabilistic multiple poly Bernoulli
polynomials of the second kind under the condition that Y is a random variable. This means
that we will consider the probabilistic extension of the multiple poly Bernoulli polynomials of the
second kind and study to obtain some new results. Furthermore, we investigate their interesting
properties.
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1. Introduction

Many years ago Qi-Kim-Kim-Dolgy considered poly Bernoulli polynomials of the sec-
ond kind and multiple poly Bernoulli polynomials of the secon kind in [28]. Recently,
researchers considered probabilistic Stirling numbers, bell numbers, Bernoulli polynomi-
als and Euler polynomials. The aim of this paper is to study probabilistic multiple poly
Bernoulli polynomials of the second kind. Specifically speaking, we assume that Y is a
random variable In section 1, firstly we recall polylogarithm Lig(¢), multiple polyloga-
rithm Lig, 1. (¢). we remind poly Bernoulli polynomials of the second kind and Bernoulli
polynomials of order «. we recall that probabilistic Stirling numbers of the second kind
and Lah numbers. In section 2, we define probabilistic poly Bernoulli polynomials of the
second kind b;kg/ and probabilistic multiple poly Bernoulli polynomials of the second kind

bglk;’“"kr) associated with Y. In Theorem 2.1, we derive an expression for nbgg_)ly(x).

When Y ~ I'(1,1) in Theorem 2.2, we get an expression for bglkg, (z) as sum of the prod-

ucts. When Y is the Bernoulli random variable, in Theorem 2.3 we get expression for

p®)

n.y (). In Theorem 2.4, we obtain an expression for bflki}""k"")(x). In Theorem 2.5, we

*Corresponding author.
DOI: https://doi.org/10.29020/nybg.ejpam.v18il1.5702

Email addresses: uguglli@naver.com (S. H. Lee), chenli_0928@xaufe.edu.cn (L. Chen)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



S. H. Lee, L. Chen / Eur. J. Pure Appl. Math, 18 (1) (2025), 5702 2 of 13

xX . .
tLY . In Theorem 2.6, we derive an expression of

find an expression of =

n+1
bflki/k’)(a:) between probabilistic multi-poly-Bernoulli polynomials, Bernoulli polynomi-

als of the second kind of order r and probabilistic the Stirling numbers of the second kind.
In Theorem 2.7 we get an expression of b( v ’kr)(x +y). Now we recall that
The Bernoulli polynomials of the second kind are defined by

t - © mn
g3 —Zobn(m)n!, (see[12], [13], [25], [29]). (1)

The Bernoulli polynomials of the second kind with order r are defined by the generating
function

<log(1t+t)> (1+¢)* Z by (x)—,(r € Z), (see[l7]). (2)
It is well known that
z—1 S n
fﬁiw—Zow; (see[9], [22], [5].[7]). 3)

where the Bernoulli polynomials of order o which are given by

t
et —

From (1) and (3), we note that

D) et =SB (sels) 221 5] 291 511, (®)
n=0 :

bp(z) = B,(l") (x+1),(n>0), (seel9],[22]). (5)

For k € Z, the polylogarithm function is defined by

oo

Lig(a) = S0 0 (seeld], [13], 9], [22], [11], 16], [21)). (6)

n=1

The poly Bernoulli polynomials of the second kind are defined by

Lix (1 —
%mzf Zb C (seeld], [2) (7)

For ki, ko, ..., k. € Z, the multiple polylogarithm is defined by

Ty

Ligy,. e (2) = ) ﬁ,(!tkl)a (see[9], [21], [18], [24], [25], [27], [28], [26]).

O<ny<--<ng V1" T
(8)
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By (8), we note that

D Lia(t) = —Lig(t),  (seelo, (21, (24, [25, 27, 28], o)
It is obvious that
Lip 1 ( / i (1)t = /0 %_t(—log(l —4))dt = %(—log(l —H)2. (10)

Continuing this process in (10), we have
Lii,. 1(t) = %(—log(l —1)", (reN), (see[3],[9], [21], [24], [25], [27], [28]). (11)

Throught this paper, we assume that Y is a random variable such that the moment
generating function of Y given by

ZEY” (1t < 7),  (see[15], [12], [13], [19], [10], [30)). (12)

exists for some 7 > 0. Let (Y;);>1 be a sequence of mutually independent copies of random
variable Y, and let S,, = Y1 + -+ Y,, (n > 1), with Sy = 0. A continuous random
variable Y whose density function is given by

B Be Py Bff():)_l, if y >0,
fly) = {07 ity <0, (see[13], [16], [20]), (13)

for some «, 8 > 0 is said to be the gamma random variable with parameters «, 8, which
is denoted by Y ~ I'(a, ).
The Stirling number of the second kind are defined by

"= Z SQ(n7 k)(x)ka (See[z}v [19]7 [6]7 [14}7 [29]) (14)
k=0
From (14), we also derive the generating function as follows.
1 (et — 1)k ZSQ (n, ]<; (see[2], [19], [6], [14]). (15)

It is well known that the Lah numbers are defined by

;(H) ZLnk [(r=0), (see[13], [6]). (16)

The probabilistic Stirling number of the second kind associated with Y are defined by

%(E[e”] e {Z}Y %"‘ (see[1], [13], [19]). (17)

n=~k
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In [13]. Kim also considered the probabilistic multi-poly-Bernoulli polynomials associated
with Y by

Lik‘l ..... kr (1 — E[G_Yt]) Y\ % > (k1o kr) n
(1— E[e YY) (Ble™™])" = %Bmy (x)m, (see[13]). (18)

2. probabilistic poly and multiple poly Bernoulli polynomials of the
second kind

In this section, we consider probabilistic poly Bernoulli polynomials of the second kind
associated with Y which are given by
Lig(1 — E[e~ Y1)
log(1+1)

xr — tn
L+ =D b (). (19)
n=0 ’

When z = 0, bglk) (0) = bilkg/ are called probabilistic multiple poly Bernoulli numbers of
the second kind. ’

From (19), we have

Proof. Theorem 1.

ti bsfmg = (14 Li(1 - BleYY) (20)
n=0

On the other hand, in (20)

[e.9]

— , (k " k "
EY by (@) = Y nb? (@) (21)
n=0 ’ n=1 ’

Thus, by comparing the coefficients on both sides of (20) and (21), we have the following
theorem.
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Theorem 1. Forn > 1, we have

n o j . .
—1)™Im! () [ j i
nb'flk—)l,y(x) = Z ()mk< > {m}YBT(l_j])(x +1).

j=1m=1 J

Let Y ~T'(1,1), then we note that

1
Ee¥]= — 22
= (22
From (19) and (22), we have
Proof. Theorem 2.
> 1+ 8" (1— )™
pk) (o — ¢ 2
7;) "’Y(x)n! tlog(1 +1) — mk (23)
1 & t o= (=1)™m! 1 t \™
2o S ()
1 & t o= (—1)™m!
=3 2 b0y D 2 Lmg;
=0 m=1 l=m
00 oo 1
1 t’ (=1)™m! t!
=7 i I L(l,
=0 (li)z'gmz::l mk ( m)l'

Thus, we have the following theorem.
Theorem 2. LetY ~T'(1,1). Forn >0, we have
n+1l 1
(k) B n+ 1\ (=1)"m! bp—14+1(x)
W) =3 3 ( l )mk (1, m) 1),
=1 m=1
Let Y be the Bernoulli random variable with probability of success p. Then we have

Ele¥] =p(et — 1)+ 1. (24)

By (19) and (24), we have
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Proof. Theorem 3.

vt by n!  log(1+t) Z:l mk (25)

_ @+ i (=1)mp™m(ef =)™
~log(1+1) — mk
T i (1)l (¢! — 1)
 tlog(1+1t) — mk m!

1 th = (—1)™p™m! t
:tgbl(l')“mzﬂ mk ZZmSQ(Z,m)Z,'

1 & SN & (=1)™p™m! tt
:t;bl(.x)!;n; mk Sz(l,m)ﬁ

oo n 7 n 1 mpmm‘ tnfl
S ()

Thus, we have the following theorem.

Theorem 3. Let Y be the Bernoulli random variable with probability of success p. For
n >0, we have

n+1l 1
(k) n+1 . bnfiJrl(fE)
=323 (") st

Now, we consider probabilistic multiple poly Bernoulli polynomials of the second kind

which are given by

T!Likl ik (1 — E[e’Yt] (k k) tn
yeesir 1 t b 1yeeey . 26
(log(1+1))" + Z n' (26)
When k1 =--- =k, =1 and Y = 1, we note that
i b(l,..-,l)($) _ ot T (1+1)" = i br (x)ﬁ (27)
= nY log(1+1t) vt ")

From (26), we have
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Proof. Theorem 4.

>0 = = B )
(140" (1— EleY))™
T T T 2, ot

rl(1+ ) 3 1 _

= — — 2. kr
(log(l + t)) 0<my<---<my_1 mll T mr—ll my=my_1+1 mr

-y U EC

~ (log(L+ 1) b

O<my<---<my_1 my™ My

X (=1t (my + 1)1 (E[eYE—1])™

g = (me - me g + 1M (my +1)!
(14 t)* (1-Ble )™
—@MHWMQLM T
. Z 1)+ (m, + 1)T i { ! } (=1
me=0 mTer*’ P D me e Ly
Ay (1 — EfeY)™
- (lg<1+t>>mzm T

y i Z T+l+1(m + 1)!{ l } £

kr m

it mr—l—mr1+1) my+ 1)1
ol 40)” Z (1 — E[e_w])mr_1

~ (log(1+ 1)) k1 kr—1—j

O<my<-—-<myp_1 my= My 4
ky —|—j L
l Ky
XE E (=)™ L (1) {m +1} g < )(mr+1) Jﬁ
=1 mT:0 ] 0

(14" (1—EleYY)™ !
R I e

O<my<-<mp_1 M1 "7 My

oo -1 oo

. . ;o l
« Z Z Z(_l)mr+l+]+1(mr + 1)‘(mr + 1)krj{mrl+ 1}Y <:I€7~ +j‘,] 1>7lf'

=1 my=0 j=0

i(—l)m”“““(mr + 1) (my + 1)"”—3{ ! } <k +i- 1)5

mr+1}Jy J
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TS P
1yeeeyr—1—

X E :bi,Y (17)5

i=0 ’

Therefore, by (28), we have the following theorem.
Theorem 4. Forn >0, t # 0, we have

n—1 -1 oo .
(kryike), N T mr+l+‘< n )(k‘r—i-j—l){ I+1 }
b T) = — -1 J .
ANt e PIPIP B VI G B AU &

From (26), we obtain
Proof. Theorem 5.

1 tn > t" rILi 1— El[e Yt
7 <Zbk1’ T —;bﬁl’}“”’“’“)mm) e
(29)
i1+ > (1—EleYY)™
(log(L+ 1) (=~ m'-mf
rI(1+1¢)® 1 (1—Ee Y™
BRI D v P Dl
_ i 40)" 5 (1-El)™ i (=1)mm,! (Ble™]-1)™
(log(1 +t))r by e mh .. .m’::—ll = (M + my_q)kr my!

_ T Z (1 - Ble)™! i (—1)™*lm, ! i { l} ¢
(log(1+1))" O<imy < <my_1 mht .. me_’f o1 (my + my_y)kr 1=, T y !

L s B G 1) ¢

~ (log(1 +t))r ki e . mT+mr Dk lmy J 4 1

O<mi<--<mp_1

B 7“!(1 +t)z Z (1 — E[eyt])mrfl
(log(l + t))T 0<my<--<mp_1 mlfl U mfial_j

00 l oo
" Z Z_: Z <l<: +J - 1>( 1)mr+l+jmrkrjmr!{ﬂir}yi

=1 m,=1 5=0
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0 i 00 l 00 . l
— r (K1yeokir1—5) ¢ N (kr +J7- 1) My AHl+g, 0 —kr—j { ! } ¢
= b, x)—= : -1 Im, "I m,! —
log(1+1t) ; LY ( )z! P mgl = J (=1) my |y 1!
P A = = (i 1) (n ! (k1,1 —5) (A T
= T B _ m7+l+] _k'r—j | 1yeesRr—1—7 v
Lii(—1) 2.0 . ( j ><l>( 1) m, mr'{mr}yb”l:’/ (2) .

On the other hand in (29)

NES b(klv---vk’v') 1 " = b(/ﬁ,...,kr) " _ = (bn+17Y T Un41Y
P2 e D 2 T | = 0 e al
n=

n=0

By comparing the coefficients on both sides of (29) and (30), we have the following
theorem.

Theorem 5. Forn > 1, t # 0, we have

k1, or k1, skor
(55 @+ ) = b (@)

n l 00 .
o T kr+7—1\(n ymetAg, —ke—j l (k1,0 kr—1—3)
w2 () (e s,

From (26), we have
Proof. Theorem 6.

> n rlLi — Ele~ Yt
Z b(k1 ..... kr)(x)% _ 'L kl,(l.f;((ll_i_ t)E)'E ]) (1 + t)x (31)

_ (146" Lig, o, (1- Ble™) (
7 ((log(L+1)" (1— Ele Y1)

N E[e—Yt])T

o0

(M)A kb " e [ ! N
T ZBm,Y ,’n'lz: r Y(_l)ﬁzbz(x)ﬁ

m=0 =0

- Z A AN EL oF (e s
tr 4 m) ™Y JmmAT 41 ]y I!

l=r

oo n n-—l
(r!)2 n—10\[/n 1o (E1enkr) 1 (1) ! "
— E 1B h -
tr — =\ m J\I CU By b (@), y 7!

o nirnEr—=t oo Eyeoikr ) (7
= (> SN AT (—1)! By (@) (1 "
ey . m l (n + ,,,.)7‘ r Yn‘ .
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Therefore, by (31), we have the following theorem.
Theorem 6. Forn >0, we have
n+r r—I . (kl, k) (r)
+r B,, b, 1—m(®) (1
b(kh'”’kT)((E) — (T!)2 (.7 > (n . >(_1) n+r—l—m { } )
From (26), we have
Proof. Theorem 7.
(k1 t" g,k (1 — Ele7YY) N
b s = o 1+t)*mY 32
E: Y5 Gogiz oy 0+Y (32)
rI(1+t)* i t 1 = (1-Ele Y™
= P 2 Wy, 2. % T >, z
(l09(1 + t)) =0 I 0<my<--<mp_1 m11 ”'mrill my=my_1+1 me'

rl x X l _ Ele~ Yt My—1

:(wm1+wy

k e
1=0 C0<mico<me_y M m, '
C$ Crm (HY =)
— mr+mT,1)k my!
B ST DL Sl
= Yy k T
(log(1 +1))" =0 i 0<my <---<my_1 my' - em,
o0 o0 .
(=1)"rm,! { i } 1
w S AT e —1)is
Z_: (my + my_1)k Z my Y( )i!
my=1 =my

e & (1= BT & )
~ oy 50T, 2 22 :

| k1 kr—1 m m k4
=0 O<mi<--<mgp_y M =" Mg (my +my—1)

+] -1 O S 7 tz
- (=) Im !
;mg:l]zo < ) { }
ri(1+¢ , TR
" (lg((1+t)))ka (1= B 2 g

§:§:§:<mr+]_1>( 1)mr+z jm kp— ]m |{ Z} ti

1l

log +1) =1 1 =0 my J 4!

0 l

E:kh,rl] tSE: t
=0
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(kh okr—1 J)( )tu

log( —|—t) == bu-iy u!
J - (—1)mr ity ke =im, 1 ! ¢
" my J y 1!

Shh o
e iZ Z i ("_z>( )(m"+.j - 1)( R

J

.

By comparing the coefficients on both sides of (32), we have following theorem.
Theorem 7. Forn > 1, we have

bffi/’"”k’)(w + )

L11 Z Z Z ( ) ( ) <mr - 1) (—1)mr it ki, )

zlm*le J

o} Wt

my

3. Conclusion

An increasing number of scholars have studied many special polynomials and numbers
and have applied the properties of these polynomials in probability theory. In view of
this, we explored the properties of probabilistic multiple poly Bernoulli polynomials of the
second kind. That implies that we have conducted an in-depth study of these polynomials
and numbers. We obtained several interesting results and formula when Y is the Bernoulli
random variable and gamma random variable. In the future, we will consider more valuable
polynomials and numbers and get some significant results.
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