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Abstract. Let K be an imaginary quadratic field with the ring of integers Og. In the authors’
earlier work, the so-called base-3(C) representation for nonzero elements of Ok was determined,
where C is a complete residue system modulo 8. Using such a representation, irreducibility criteria
for polynomials in Ok [x] were established. In this paper, we provide the explicit shapes of all base-
B(C) representations for nonzero elements of O . Generalizations of such irreducibility criteria for
polynomials in Ok [z] under a certain condition are also established.
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1. Introduction

An old and interesting problem in mathematics is determining irreducible polynomials
over a field. A polynomial with integer coefficients is said to be irreducible in Z[z] if it is
an irreducible element of the polynomial ring Z[z|. A polynomial f(x) of positive degree in
Z[z] is primitive if the greatest common divisor of its coefficients is 1. It is well known that
a nonconstant polynomial in Z[x] is irreducible in Z[z] if and only if it is both irreducible
over Q and primitive in Z[z]. Among many irreducibility criteria for polynomials in Z[z],
we are interested in a classical result of A. Cohn, given by Pdlya and Szeg6 [10]: if a prime
p is expressed in the decimal representation as

p=apl0" + ap_110" 1t + -+ 4+ a110 + ay,

then the polynomial f(z) = a,z" + an_12" "'+ --- + a12 + ag is irreducible in Z[z]. This
result was subsequently generalized to any base b by Brillhart et al. [2] and Murty [5]. In
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1982, Filaseta [3] generalized this result in another way by considering wp instead of p: if
w and b are positive integers with w < b and

wp = byyd™ + by 10"+ bib + by

is the base-b representation of wp, where p is a prime, then the polynomial f(x) = b, z™ +
bp_12™ L 4+ - 4 byx + by is irreducible over Q.

In another direction, let K = Q(y/m) with a unique squarefree integer m # 1, be a
quadratic field and Ok denotes the set of algebraic integers that lie in K, called the ring
of integers of K. We note that Ok is an integral domain and K is its quotient field.
Moreover, the set of units in the polynomial ring Ok |[z] is U(Ok), the group of units in
Og. The quadratic field K is said to be real if m > 0 and imaginary if m < 0. By letting
the following notation

vm if m#1 (mod 4),
om = 1+2\/T7L if m=1 (mod 4),

we have Og = {a + boy, | a,b € Z}. More specifically, we see that the ring of Gaussian
integers Z[i] is the ring of integers of Q(7) [1].

It is important to note that every prime element of O is irreducible; the converse
is not generally true but holds if Ok is a unique factorization domain. We say that a
nonzero polynomial p(x) € Og|[z] is irreducible in Ok |[z] if it is an irreducible element of
Oxk|z], in other words, p(z) is not a unit and p(z) = f(z)g(z) in Ox[z] implies f(x) or
g(z) is a unit in Og. Polynomials that are not irreducible are said to be reducible. For
B8 =a+bo, € Ok, we denote the norm of 8 by

a? — mb? if m#1 (mod 4),
= 1-
N(B) a? + ab + b* <4m> if m=1 (mod 4).

We have seen from [1] that if N(8) = £p, where p is a rational prime, then f is an
irreducible element. In addition, if K is an imaginary quadratic field, then |3|?> = N(8) € N
for all 8 € Og\{0} and |3| =1 for all 8 € U(Ok).

Let us recall the divisibility and congruence for elements of O as follows: for a, 5 €
Ok with a # 0, we say that « divides (3, denoted by « | 3, if there exists 6 € O such
that 8 = ad. For «, 8,7 € Ox with v # 0, we say that « is congruent to § modulo ~,
denoted by oo = 8 (mod ), if v | (a« — ). A complete residue system modulo 5 in O is
defined as in the following definition [9)].

Definition A. A complete residue system modulo 5 in Ok, abbreviated by CRS(),
means a set of [N(B)| elements C = {a1, a2, ..., an(g)} in Ok which satisfies the follow-
mg:

(i) for each o € Ok, there is a; € C such that o = o (mod fB);
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(it) o; # o (mod B) for alli,j € {1,2,...,|N(B)|} with i # j.
For example, the set

a2 + b?

C:{x—f—yi]azzo,l,..., —1andy=0,1,...,d—1} (1)

is a CRS(B), where = a + bi € Z[i] with d = ged (a,b) [11]. It is clear that the set
C:={r+yilz=0,1,...,max{|a|, ||} =1 and y = 0,1,...,d — 1} C C.

In 2017, Singthongla et al. [12] established the irreducibility criterion for polynomials
in Z[i][x] using the CRS(S) in (1). The result is as follows.

Theorem A. Let € {242i,1+3i,3+i} or B =a+bi € Z[i] be such that |3| > 2++/2
and a > 1. For a Gaussian prime 7, if

T=0pB" + a1+ a1B+ag = f(B),

where n > 1, Re(ay,) > 1, and ag,aq,...,an—1 € C' satisfying Re(an—1) Im(ay,) >
Re(ap) Im(an—1), then f(x) is irreducible in Z[i][x].

Afterward, Kanasri et al. [4] generalized Theorem A by considering wn (w € Z[i]\{0})
instead of 7 as the following theorem.

Theorem B. Let 3 = a + bi € Z[i] be such that |3] > 2w| + V2 and a > |w|. For a
Gaussian prime 7, if

Wit = o+ a1 4 a4 o = f(B),
where n > 1, Re(ay,) > 1, and ag,aq,...,an—1 € C' satisfying Re(ap—1) Im(ay,) >
Re(apn) Im(apn—1), then f(zx) is irreducible over Q(i).
For any quadratic field K = Q(y/m), Tadee et al. [13] proved for the case m #
1 (mod 4) that the set

N
C:{x+yam]x:0,1,...,|g‘f)’—landyzo,l,...,d—l} (2)

is a CRS(f), where 8 = a + bo,, € Ok with d = ged (a,b). Recently, Phetnun et al. [§]
verified that (2) is also a CRS(f) in any quadratic field K = Q(y/m) with m = 1 (mod 4).
These results extend the CRS(f) for Gaussian integers in (1) to any quadratic field.
Moreover, they determined the so-called base-3(C) representation for nonzero elements of
Op and extended Theorem A to any imaginary quadratic field using such a representation.
It was shown for any m < 0 in [8] that the set

C'={z+you|x=0,1,...,max{|al,|b|} =1 and y = 0,1,...,d — 1} CC.

Some results in [8] described above are as follows.
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Definition B. Let K = Q(y/m) be an imaginary quadratic field. Let f € Ox\{0} and C
be the CRS(B) as in (2). We say that n € Ox\{0} has a base-G(C) representation if

n=anf"+an_18"" + -+ a1+ ao, (3)

wheren > 1, ay, € Og\{0}, and ; € C (1 =0,1,...,n—1). Ifa; €C' (i=0,1,...,n—1),
then (3) is called a base-G(C’) representation of 7.

Theorem C. Let K = Q(y/m) be an imaginary quadratic field with m #Z 1 (mod 4). Let
B =a+bym € Ok be such that |3] > 2++/1 —m and a > 1++/1 —m. For an irreducible
element m of O with |7| > |B|, if

T=0apB" + 18"+ 4+ a1B+ap =: f(B)

is a base-B(C") representation with Re(aw,) > 1 satisfying Re(ayp—1) Im(av,) > Re(ay,) Im(ap—1),
then f(z) is irreducible in Ok |x].

Theorem D. Let K = Q(y/m) be an imaginary quadratic field with m =1 (mod 4). Let
B =a+boy, € Ok be such that || > 2+ +/(9—m)/4, a > 1, and a+ (b/2) > 1. For an
irreducible element m of O with |w| > /(9 —m)/4 (18] — 1), if

T=anf" + a1 4+ B+ ag = f(B)

is a base-B(C") representation with Re(aw,) > 1 satisfying Re(ap,—1) Im(aw,) > Re(ay,) Im(ay,—1),
then f(x) is irreducible in Ok|z].

Recently, Phetnun and Kanasri [7] established further irreducibility criteria for poly-
nomials in Ok [x], which extended Theorem 3.22 in [12] to any imaginary quadratic field.
They also provided elements of 5 that can be applied to these criteria but not to Theorem
C and Theorem D.

In the present work, we provide the explicit shapes of all base-3(C) representations
for nonzero elements of Ok, where K is an imaginary quadratic field. In addition, we
generalize Theorem C and Theorem D by considering w instead of m, where w € O \{0}
and 7 is a prime element, which in turn extend Theorem B to any imaginary quadratic
field.

2. Explicit Shapes of Base-((C) Representations

Let K be an imaginary quadratic field and 7, 5 = a + bo,, be nonzero elements of Og.
Let C be the base-3(C) representations as in (2). If n € C, it is clear from Definition B
that 7 cannot be written as a base-f3(C) representation. Assume henceforth that n ¢ C.
By Definition A, there exists a unique ag € C such that n = ap (mod 53), so n = 95 + ap
for some vy € O \{0}. If 79 € C, then the process stops, otherwise, there exists a unique
ay € C such that v9p = aq (mod ), yielding 79 = 718 + a1 for some v; € Og\{0}. It
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follows that n = 7152 + a1 3 4+ ap. Continuing the process, we obtain the sequence (7i)i>0
of elements of O such that

Yie1 =B+ (i=0) (4)
with v_1 = n. If there exists n € NU {0} such that v, € C, then

17 =70 + ao,
n=mp6%+a1f + ao,

n =B +anft + -+ 1B+ ag

are n + 1 base-f(C) representations of 7.

The following theorem shows that the equations in (5) are all base-3(C) representations
of n for the case 7, € C for some n € NU {0}.

Theorem 1. Let K = Q(y/m) be an imaginary quadratic field and let 8, n € Og\{0}
with n & C. Let (7i)i>o be the sequence described in (4). If v, € C for some n € NU {0},
then all equations in (5) are the base-B(C) representations of 1.

Proof. By the description mentioned above, all n + 1 equations in (5) are base-/3(C)
representations of 7. Next, let

n=01B% 4+ 0k 1B+ + 818+ o (6)

be any base-3(C) representation of n. Then k € N, §; € C (0 < i < k—1), and §;, € Og\{0}.
Suppose that k > n + 2. By the last equation in (5) together with (6), we obtain that
7= ap (mod B) and n = §y (mod f). It follows from Definition A(ii) that ag = §y. Then

m=mB oS+ B+ o =68+ 1B A 0B+ 6,
so ap = 01 (mod ). Again, by Definition A(ii), we obtain o = d; and so
=B BT 4 g = B R 4 0B 4 6,

Proceeding in the same manner, we deduce that a; = d; (0 <i <n) and 7, = SpBF 1 4
“r 4 On42B + Opgr, implying v, = dpq1 (mod B). Since yn,0n41 € C, it follows that
Yn = Op+1. Thus we have

SkBF TR b 4 8pg3B 4 Spg2 = 0, @)

80 Opt2 =0 (mod B). If K = n + 2, then (7) implies 6 = 0, a contradiction. If £ > n + 2,
then d,,4+2 € C and thus d,,+2 = 0 by Definition A(ii). Continuing similarly, we finally obtain
0k = 0, which is a contradiction. Hence k < n + 1, implying the base-3(C) representation
of  in (6) is one of that in (5) as desired.

The base-3(C) representations for the case v, € C for some n € NU {0} are shown in
the following example.
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Example 1. Let K = Q(v/—-1), 8 = =3 + 2i, and n = —439 — 258i. Then d = 1,
N(B) =13, and thus C = {0,1,...,12} is a CRS(B). One can compute that

n = (63 + 128i)3 + 6,
63 + 128i = (7 — 38i)8 + 8,
7—38i=(—T+8i)B8+2,
7+ 8i =48 +5.

Thus, v0 = 634+ 128i, 71 =7—38i, 7o = —7+8i, 3 =4 € C and ag =6, a1 = 8, as = 2,
a3 = 5. By Theorem 1, we conclude that

=B+ a4+t aBtay (0<k<3)
are the base-B(C) representations of 1.

To provide the explicit shapes of the base-3(C) representations of 7 for the case 7; & C
for all : € NU {0}, we require the following lemma.

Lemma 1. Let K = Q(y/m) be an imaginary quadratic field and let B = a + bo,, € Ok
such that || > 2 and d = ged(a, b). Let

\/<Wﬂ_1)2_m(d_1)2 if m#1 (mod 4),
\/<W§dﬁ>l_1)2+ (%4) (d—1)+(d—12(52) ifm=1 (mod 4).

Forn € Ok with |n| > S, if n = v+ ap, where vy € Oxg\{0} and ag € C, then |n| > |yo|.

S = (8)

Proof. Suppose to the contrary that |yg| > |n|. Then |yo| > |[y058 + a0l > |y0l|B] — ||
and thus |ag| > [70/(|5] — 1). Since a € C, we have |ag| < S and hence |yy| > |n| > S >
lao| > 70](|8] — 1) > |0, which is a contradiction.

Theorem 2. Let K = Q(y/m) be an imaginary quadratic field and let § = a+boy,,n € Ok
be such that |B| > 2, n & C, and |n| > S, where S is defined as in (8). Let (v;)i>o0 be
the sequence described in (4). If ~v; € C for all i € NU {0}, then there exist nonnegative
integers u and v with u < v such that v, = 7, and the base-B(C) representations of n are
of the form

n=wB+ > wp (0<k<w), (9)
0<i<k
=B 3w+ Y B (u<k<w), (10)
u<j<k 0<i<u
n= ,yuﬁ(v—u)n+u+1 + aﬂﬁ(v—u)n-‘ru + avilﬂ(v—u)n—‘ru—l
I au+1l3(v7u)n+2u7v+1 4t Z ozjﬁj + Z ;8 (neN), (11)

u<j<v 0<i<u
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n= ,yu+1I8(v—u)n+u+2 + au_i_lﬁ(v—u)n—l-u—l—l + avﬁ(v—u)n—s—u

F ooy BT Ly g gl ULy Z ;B + Z aift (n€N),

u<j<v 0<i<u
n= 7u+2ﬁ(v—u)n+u+3 + au+26(v—u)n+u+2 + au+1ﬁ(v—u)n+u+1 + O%B(v—u)n-‘,—u

+ av_lﬂ(v—u)n—&-u—l 4t au+lﬂ(v—u)n+2u—v+l 4ot Z OZj,Bj + Z Oéiﬁi (n c N),
u<j<v 0<i<u

N =1 BUTIY oy plemuntvTl o plomwndu=2
N au+1/3(v—u)n+u+1 + avﬁ(v—u)n-l—u + avilﬁ(v—u)n—‘ru—l

toe o TR L N BT Y ' (neN).

u<j<v 0<i<u
(12)

Proof. We first verify two important claims:
Claim 1. |v;| < max{2S,|n|} =: N for all i € NU {0}.
Proof of Claim 1. For i = 0, we have n = v + agp. Since |n| > 5, it follows from Lemma
1 that |yo| < |n| < N. For i = 1, we have o = 718 + a1, where 71 € Og\{0} and a; € C,
so |ai| < 8. If |y| > S, then it follows from Lemma 1 again that |yi| < |y < N. If
|70 < S, then S > |y18 + a1| > |nl|B] — 1| and thus

1] < 2/m| < |mllB] < S+ a1 S+ S5 =25 <N.

Proceeding in the same manner, we obtain |v;| < N for all i € NU {0}.
Claim 2. There exist nonnegative integers v and v with v < v such that v, = ,.
Proof of Claim 2. By Claim 1, we have |y;| < N for all i € NU{0}. For each i € NU {0},
we denote v; := a; + bjo,, and A := {(ag,bo), (a1,b1), (az,b2), ...}, where a;,b; € Z for all
i € NU{0}. We first show that A is a finite set by considering the following two cases:
Case 1. m # 1 (mod 4). Then a? — mb? = N (y;) = || < N? for all i € NU{0}. Thus
a? < N2 and b? < N? and so |a;| < N and |b;| < N. It follows that the set A is finite.
Case 2. m = 1 (mod 4). Then a? + a;b; + b?(1 —m)/4 = N (v;) = |v|* < N? for all
i € NU{0}, so (2a; +b;)? — mb? = 4a? + 4a;b; + b? — mb? < 4N?. Tt follows that |b;| < 2N
and [2a; + b;| < 2N and thus |a;| < |2a;| < |2a; + b;| + |bi| < 2N + 2N = 4N, implying
the set A is finite. Consequently, (ay,b,) = (ay, by) for some nonnegative integers v and v
with v < v. This implies that v, = ay + byom = ay + byo = Yo.

Next, we show that the base-3(C) representations of 1 are the equations in (9), (10),
(11), and (12). Recall that n = v + ap and

Yi-1=viB+ai (i >1), (13)
where v; € Og\{0} and «; € C for all i > 0. Then we obtain

n=mB" + B+ 1 4t aBtap (0<E <), (14)
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which are base-3(C) representations in (9). Again, using (13) repeatedly, we get
n=7B" +apBf o BT @Bttt Bt g (u<k <)

which are base-(3(C) representations in (10). Since 7, = 7,, we obtain from (13) that

Yu = ’Yu—&-l/B + Q1
= 7u+2/32 + g2 + a1

=3B+ BT T b 18T TR B (15)
Substituting (15) into (14) with k& = u leads to
1 =7%B" " +auf’ + a1 8T s B B a1 BT - e B o, (16)
Again, substituting (15) into (16) yields
1= B2 4 B2 4 ap 1827 e a1 8 4 B
Fo1B o1 BT+ @B a1 BT 4 al B+ g
Continuing this process, in general, we have
1= 7B EnL o g—wntu o glo—u)ntu-l

I au+15(v—u)n+2u—v+1 4ot Z oz]ﬂj + Z ;3 (n € N), (18)

u<j<v 0<i<u

yielding base-3(C) representations in (11). Using (13) successively and (18), we obtain the
base-/3(C) representations in (12).

Finally, we let n = §;8' +--- 4+ 018 + & be any base-3(C) representation of 7, where
leN, § € Ox\{0}, and 9; € C for all i € {0,1,...,l — 1}. Then

n=y_1B 4+ 187 4+ B+ ag

is one of the equations in (9), (10), (11), or (12). By the same proof as in Theorem 1, we
can conclude that o; = 9; (0 < i <1 —1) and ;_1 = ¢;. This completes the proof.

Note that the base-/3(C) representations of 7 in (11) and (12) are periodic with period
v —u.

The following examples show the explicit shapes of the base-3(C) representations of 7
for the case ; ¢ C for all i € NU {0}.

Example 2. Let K = Q(v—5), 8 = 4+ 2v/—5, and n = =5+ 10v/=5. Then d = 2,
N(B) = 36, and thus C = {z+yv/=5|2=0,1,...,17 and y = 0,1} is a CRS(B). We
have |B] = v/36 > 2 and |n| = v/525 > /294 = S. One can compute that

n=(1+2v=5)8+11,
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1+ 2vV=5 = (=1 +v=5)3 + 15,
—14+V-5=(-2+V-5)+ 17+ V-5),
—24+ V=5 = (=2+vV=B)B+ (16 + V=5).
Thus 0 =142v/—=5, 71 = —14++v/—=b, 72 = —24++/—5 =13, and so vy; = 2 for all v > 2.
One can see that y; € C for alli € NU{0}. Note that ag =11, oy = 15, avg = 17 + /=5,

and ag = 16 + /=5 = «; for all i > 3. Using Theorem 2 with uw = 2 and v = 3, we
conclude that the base-3(C) representations of n are

n=mBH + S+ taBtay (0<k<2)
and 1 = 7" + 3BT+ -+ 4+ a3 + asf? + a1+ ag for alln € N.

Example 3. Let K = Q(v/—7), 8 =2+ 30_7, and n = 3112 — 138100_7. Then d = 1,
N(B) = 28, and thus C = {0,1,...,27} is a CRS(B). We have |B| = V28 > 2 and
In| = V348140024 > 27 = S. One can compute that

2405 — 13190 _7) B + 8,

—2405 — 13190_7 713 + 1640_7) B + 5,

(-
(-
713+ 1640_7 = (—97 + 91o_7) B + 27,
—97+910_7=(2+170_7) B+ 1,
24+ 170 7=4+0_7)0,
440 7= (-3+4+20_7) 5 + 22,
—3+20_7=(-140_7)8+5,
—14+o0_7=(-3+20_7)5+ 17,
—3+20_7=(-14+0_7)5+5.
Thus v9 = —2405 — 13190 _7, 71 = =713 4+ 1640_7, 7o = =97+ 91o_7, 3 =2+ 1To_7,
Ya=4+07, p5=-"3+207=yr=y =, andv=—-1+o7=98="10="""
One can see that v; & C for all i € NU{0}. We also have oy = 8, a1 = 5, ag = 27,
az=1,a4=0, 05 =22, s =5=ag=ap=---,anday =17T=a9g = a3 = ---. Using

Theorem 2 with w =5 and v =7, we conclude that the base-3(C) representations of n are
n=nB"" +apff -t afta (0<k<H),
n="68" + a6’ + asp’ + auB* + azp® + 2 + a1 + au,
n =810 + a7 4 agB T 4+ ar B+ S
+asf” + asf + 3B’ + B+ B+ ag  (n€N),
n=78"""+ aefP + a7 BP0 + a6 T 4 -+ ar BT + a8
+ asf” + auft + a3B’ + B’ + 1B+ (n €N).
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3. Generalizations of Irreducibility Criteria for Polynomials in Og|[z]

Let K = Q(y/m) be an imaginary quadratic field. In this section, we extend Theorem
B to any imaginary quadratic field, which in turn generalize Theorem C and Theorem D
by considering wr instead of m, where w € Og\{0} and 7 is a prime element. To prove
these, we first recall the essential three lemmas.

Lemma 2. [12] Let f(x) = apa™ + ap_12" 1+ + a1z + a9 € Clx] be such that n > 2
and |a;| < M (0 <i<n—2) for some positive real number M. If f(x) satisfies

(i) Re(ay) > 1, Re(an—1) > 0, and Im(a,—1) > 0; and
(7i) Re(ap—1)Im(ay,) > Re(ay,) Im(an—1),
then any complex zero o of f(x) satisfies either Re(a) < 0 or |a| < (1+ 1+ 4M)/2.

Lemma 3. [8] Let K = Q(y/m) be an imaginary quadratic field with m # 1 (mod 4). Let
B =a+bym € O be such that a > 1+ /1 —m and

M = /(max{a, o[} — 1)2 = m(d — 1)?, (19)

where d = ged(a,b). Then /1 —m(|] —1) > M.

Lemma 4. [8] Let K = Q(y/m) be an imaginary quadratic field with m =1 (mod 4). Let
B8 =a+bo,, € Og be such that a > 1 and

1—m

M = \/(max{a, b} — 1)%2 + (max{a, |b|]} — 1)(d — 1) + (d — 1)? (4), (20)

where d = ged(a, b). Then /(9 —m)/4(|B] —1) > M.

If f(x) is a nonconstant polynomial in Og|z], we say that f(x) = g(z)h(z) in Ok|[z]
is a proper factorization if both g(z) and h(x) have a smaller degree than f(x). We now
proceed to our second main result and start with the case m # 1 (mod 4).

Theorem 3. Let K = Q(y/m) be an imaginary quadratic field with m # 1 (mod 4).
Let f = a+bym € Ok and w € Og\{0} be such that || > 2|w| + 1 —m and a >
|w| + V1 —m. For a prime element m of Ox with |7| > ||, if

Wit = apf" + an_18" 1+ 4 a1B 4+ ag = f(B)

is a base-B(C") representation with n > 2 and Re(ay,) > 1 satisfying the condition (ii) of
Lemma 2, then f(x) has no proper factorization in Ok[x]. Moreover,

(1) if 61 f(x) for all 6 € Oxg\U(Ok), then f(x) is irreducible in Ok|x];

(i1) if Ok is a unique factorization domain, then f(x) is irreducible over K.
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Proof. Suppose to the contrary that f(z) has proper factorization in Og|x]. Then
f(z) = g(x)h(z) for some nonconstant polynomials g(z) and h(z) in Og[z], so wr =
g(B)h(B). Since 7 is a prime element, either 7 | g() and h(83) | w or 7 | h(B) and g(fB) | w.
This implies that either |w| > |h(B)| or |w| > |g(B)|. Without loss of generality, we may
assume that |w| > |g(8)].

Since o; € ' for all i € {0,1,...,n — 1}, we have |a;| < M for all i € {0,1,...,n—1},
where M is defined as in (19). We now show that

1++V1+4M
16 - Y > . (21)

Since |B| > 2Jw| + VI —m, we have |B|* — (2lw|+1+ V1 —m)|8] 4+ 2w|+ vI—m =
18- I8 - Qw|+v1I-m)] > 0. As |w* + |w| > 2Jw|, we obtain
4 []6\2 — (2[w\ +1++1- m) 18] + |w|? + |w| + 1 —m| > 0and so [2|8] — (2|w| + 1)]2 =
48P = 42lw[+1)|B+4|w|* +4jw|+1 > 1+4vT —m (|8 - 1) . Again, |8] > 2|w|+ V1 —m
implics 2|5] — (2fw] +1) > 0 and thus, 2| — (2| + 1) > /1 + 4y/T—m (|| - 1). Hence

e 2ol + 14 \/1+4yT—m (18] - 1)
> ; .

As a > |w| 4+ /1 —m, it follows from Lemma 3 that v/1 — m (|3] — 1) > M. Therefore,

2ol +14+VIFAM _ 1+ VIHAM
5 _

> - @
81 2 ® S

which proves (21).

Now, we have that deg g(x) > 1, so g(x) can be expressed in the form g(x) = e[[,;(z —
vi), where e € O is the leading coefficient of g(z) and the product is over the set of
complex zeros of g(x). It follows from Lemma 2 that any zero « of g(z) satisfies either

Re(vy) < 0 or
14+v1+4M

<
el 5

In the former case, we have |8 — | > Re(8 — ) = Re(8) — Re(y) > Re(f) = a >
|w| + V1 —m > |w|. In the latter case, we obtain by using (21) and (22) that

1+\/1—|—4M>
5 =

(22)

8=~ =18l = > 18] - jwl-

From both cases and |¢| > 1, we deduce that
wl = 1g(B) = lel [T18 =l = T]18 =l > Iwl,
i i

which is a contradiction.
We have that f(x) has no proper factorization in Og[z]. Then, (i) is true. If Ok is
a unique factorization domain, f(z) is irreducible over K. To see this, suppose to the
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contrary that f(x) = g1(z)hi(z) for some nonconstant polynomials g;(z) and hi(x) in
K|xz]. Since every element of K is of the form a/r, where a € Ok and r € Z\{0}, we may
take go(x) = rgi(x) and ha(z) = shi(z), where ga(z), ho(x) € Og|x] with degga(z) >
1,degho(x) > 1 and r,s € Z\{0} so that rsf(z) = ga(z)h2(x). Let m be a prime divisor
of rs in Ok . Considering the contents of the above polynomials and using Gauss’s lemma,
for Ok, we get that 7 divides ga(x) or ha(z), yielding

= f(@) = ga(@)hs (@)

for some nonconstant polynomials gs(x), h3(z) € Og|[z]. Continuing in the same manner,
we finally get f(xz) = g(z)h(x), where g(z) and h(x) are positive degree polynomials in
O x], which is a contradiction. This proves (ii) and we complete the proof.

We note that the condition a > |w|++/1 — m in Theorem 3 can be reduced to a > |w|
for the case of Gaussian integers and one can see that Z[i] is a unique factorization domain.
This implies that Theorem 3 extends Theorem B to any imaginary quadratic field with
m % 1 (mod 4).

Applying Theorem 3, we can find irreducible polynomials as the following examples.

Example 4. Let K = Q(v/-2), 8 =9-3V-2, w = 2+/~2, and m = —8177—28932/—2.
Then d = 3 and thus C' = {x+y¢j2\x:0,1,...,8 andy:O,l,Q}. One can see that
1B = V99 > 2v6 + V3 =2/w| +vVI—m and a = 9 > V6 + V3 = |w| + VI —m. Since
N (mw) = 1740984577 is a rational prime, we have that w is an irreducible element and so
is a prime element because Ok is a unique factorization domain. Now, we have |1| > ||
and

wr = 41510 — 66041v/—2 = (8 4+ 4v/=2)8* + 6% + (4 + 2v/=2)5% + 66 + (2 + V—-2),

which is a base-B(C") representation of wr. Moreover, Re(ay) = 8 > 1 and Re(as) Im(ay) =
(6)(4v/2) > (8)(0) = Re(aq) Im(a3). By Theorem 3, we obtain that f(x) = (8-+4v/—2)x*+
62° + (4 + 2v/=2)2% + 62 + (2 + v/=2) has no proper factorization in Ok[z] and so
is irreducible over K. Observe that f(x) is reducible in Og|x] because f(x) = (2 +

V=2) [4at + (2 — V=2)23 + 222 + (2 — V/=2)z + 1].

Example 5. Let K = Q(v/—1), 8 =15 — 16i, w = 3+ 2i, and = = —831565 + T15166.
Then d = 1 and thus C' = {0,1,...,15}. Note that |8| = V481 > 2/13 + /2 = 2|w| +
VI—m and a = 15 > V13 + V2 = |w| + VI —m. Since N(7) = 1202962756781 is a
rational prime, we get that w is a Gaussian prime. Now, we have |r| > || and

wr = —3925027 + 482368; = 178% + 38> + 782 + 58 + 13,

which is a base-B3(C") representation of wr. Moreover, Re(ay) = 17 > 1 and Re(as) Im(ay) =
(3)(0) > (17)(0) = Re(ow)Im(a3). By Theorem 3, we obtain that f(x) = 17x* + 323 +
722 4 5x + 13 has no proper factorization in Z[i][x] and so is irreducible over K. Since 3
and 7 are Gaussian primes, it follows that f(x) is irreducible in Z[i][z].
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By taking w € U(Og) in Theorem 3, we obtain that the polynomial f(z) has no
proper factorization in Ogl[z]. Since 7 is also an irreducible element, then § t f(x) for
all § € Og\U(Ok), by Lemma 4 in [8]. This shows that f(z) is irreducible in Og]|x].
Therefore, Theorem 3 is a generalization of Theorem C by considering wm instead of m,
where w € Og\{0} and 7 is a prime element.

For the case m =1 (mod 4), we now prove the following.

Theorem 4. Let K = Q(y/m) be an imaginary quadratic field with m = 1 (mod 4). Let
B =a+boy, € Og and w € Og\{0} be such that |5| > 2|w| + /(9 —m)/4, a > 1, and
a+ (b/2) > |w|. For a prime element © of O with |7| > /(9 —m)/4(|8| — 1), if

wT = o, 8" + an_15n71 +--F B+ ag=: f(B)

is a base-B(C') representation with n > 2 and Re(ay,) > 1 satisfying the condition (ii) of
Lemma 2, then f(x) has no proper factorization in Og|x]. Moreover,

(i) if 61 f(x) for all 6 € Ox\U(Ok), then f(x) is irreducible in Ok|[z];
(ii) if Ok is a unique factorization domain, then f(x) is irreducible over K.

Proof. Suppose to the contrary that f(z) has proper factorization in Og|[z], namely
f(z) = g(x)h(z) for some nonconstant polynomials g(z) and h(z) in Og[z]. By the same
proof as in Theorem 3, we have that either |w| > |h(5)] or |w| > |g(8)|. Without loss of
generality, we may assume that |w| > |g(5)].

Since o; € ' for all i € {0,1,...,n — 1}, we have |a;| < M for all i € {0,1,...,n—1},
where M is defined as in (20). We now show that

14+v1+4M
18 - Y > . (23)
As 18] 2 2lew|++/(9 = m) /4, we have |B2— (2fu] + 1+ /(9= m)/4) |Bl+2le|+/(9 — m)/4 =
(18 - 1) [\m— (2|w[—|—«/9—m 4)} > 0. Since |wf? + |w| > 2lwl, it follows that
41812 = (2wl + 1+ /O = m)/4) 18] + [wf? + |l + /(O = m) }>Oandso 218] - 2| + 1) =

41812 — 42lw| + D)|B| + 4w|® + 4w +1 > 1 +4/(9—m)/4(|f| —1). Again, || >
2Jw| + /(9 —m)/4 shows that 2|8] — (2lw| + 1) > 0 and thus, 218 — 2lw| +1) >

\/1+ 40— m)/4(8] - 1). Hence,
2ol + 14+ /1440 —m)/A (8] - 1)
’ .

1Bl >

Since a > 1, it follows from Lemma 4 that /(9 —m)/4(|5] —1) > M. Thus,

2w| + 14 1+ 4M ‘ |+1+\/1+4M
= W —_—_—mm
2 2 ’

1Bl >
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which proves (23).
The remaining proof is similar to that of Theorem 3, so we omit it here.

We end this paper with the following examples, illustrating the use of Theorem 4.

Example 6. Let K = Q(v/-3), B = 7T+ 0.3, w = 2, and 7 = 54343 + 636150 _3.
Then d = 1 and thus C' = {0,1,2,3,4,5,6}. One can see that |f| = /57 > 4 + /3 =
2wl ++/O—m)/4, a=7>1, and a+ (b/2) =7+ (1/2) > 2 = |w|. Note that Ok is a
unique factorization domain and 7 is a prime element because N(mw) = 10457059819 is a
rational prime. Now, we have |w| > /(9 —m)/4(|5] — 1) and

wr = 108686 + 1272300 _5 = 83° + 284 + 482 + 282 + 68 + 2,

which is a base-B(C") representation of wr. Moreover, Re(as) = 8 > 1 and Re(ay) Im(as) =
(2)(0) > (8)(0) = Re(as) Im(cvy). By Theorem 4, we obtain that f(x) = 8z° 4 2z* 4 423 +
222+ 6242 has no proper factorization in O [z] and so is irreducible over K. It is noticed
that f(x) is reducible in O[z] because f(x) = 2(4a® + x* + 223 4+ 22 + 3z + 1).

Example 7. Let K = Q(v/=7), 8 = 11+30_7, w = 24+0_7, and 7 = 158481+ 1668440 _7.
Then d = 1 and thus C' = {0,1,...,10}. One can see that |f| = V172 > 2/8 +2 =
2w+ /(9 —m)/4, a=11>1, and a + (b/2) = 11+ (3/2) > /8 = |w|. Note that O is
a unique factorization domain and 7 is a prime element because N(m) = 107231671997 is
a rational prime. Now, we have || > /(9 —m)/4(|5| — 1) and

wm = —16726 + 6590130_7 = 318* + 483 + 382 + 98 + 5,

which is a base-B3(C") representation of wr. Moreover, Re(as) = 31 > 1 and Re(as) Im(ay) =
(4)(0) > (31)(0) = Re(ay)Im(ag). By Theorem 4, we obtain that f(z) = 31la* + 423 +
322492 +5 has no proper factorization in Ok [x] and so is irreducible over K. By Theorem
9.29(3) in [6], one can verify that the rational primes 3, 5, and 31 are prime elements of
Ok . This implies that f(x) is irreducible in Og|x].

By taking w € U(Og) in Theorem 4, we obtain that the polynomial f(x) has no
proper factorization in Ogl[z]. Since 7 is also an irreducible element, then § t f(x) for
all 6 € Og\U(Ok), by Lemma 6 in [8]. This shows that f(x) is irreducible in Og|x].
Therefore, Theorem 4 is a generalization of Theorem D by considering wm instead of T,
where w € Og\{0} and 7 is a prime element.

4. Conclusion

For any imaginary quadratic field K, we provide the explicit shapes of all base-3(C)
representations for nonzero elements of Og. Using such a representation, irreducibility
criteria for polynomials in O [x] are established, which extend and generalize the authors’
earlier work.
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