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Abstract. In this study, we look at the stochastic Heisenberg Ferromagnetic equation (SHFE)
perturbed in the It6 sense by multiplicative Brownian motion. The SHFE is transformed into a dif-
ferent Heisenberg Ferromagnetic equation with random variable coefficients (HFE-RVCs) utilizing
the proper transformation. To provide novel solutions for trigonometric functions, hyperbolic func-
tions, and rational functions for HFE-RVCs, we employ the generalizing Riccati equation mapping
technique (GREM-method) and Jacobi elliptic functions (JEF-method). The solutions of SHFE
can then be obtained. For the first time, we postulate that the solution to the Heisenberg Ferro-
magnetic equation is stochastic, in contrast to earlier research that suggested it was deterministic.
Additionally, we investigate the impact of multiplicative Brownian motion on the exact solutions
of the SHFE by offering several graphical representations.
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1. Introduction

The Heisenberg ferromagnetic equation has important implications for the behavior
of ferromagnetic materials. It predicts phenomena such as spontaneous magnetization,
where the atoms’ magnetic moments align parallel to each other even in the absence of
an external magnetic field. It also explains the existence of magnetic domains and how
they can change their alignment under the influence of an external field. Additionally,
the Heisenberg equation helps scientists understand the temperature dependence of mag-
netism and phenomena such as the Curie temperature, which represents the transition
from ferromagnetic to paramagnetic behavior [3, 4].
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On the other side, random fluctuations play a crucial role in the behavior of ferromag-
netic materials as described by the Heisenberg ferromagnetic equation. These fluctuations
arise from the probabilistic nature of quantum mechanics and lead to variations in the
alignment of atomic magnetic moments, both in the absence and presence of an external
magnetic field. This means that even when the system is in its lowest energy state, there
will still be some degree of variation in the magnetic moments’ orientation. These fluctu-
ations can give rise to interesting phenomena, such as spontaneous magnetization and the
formation of magnetic domains.

It seems more relevant here the stochastic Heisenberg Ferromagnetic equation (SHFE)
is taken into consideration as follows:

idU + [plum: + p2uyy + p3ua:y — P4 ‘UPU]dt = il/Udﬂ, (1)

where U is a stochastic complex function of the variables ¢, x and y; v is the amplitude of
noise and 3(t) is Brownian motion in one variable t; pa, p2, p3 and py are real functions
of the variable ¢ and they are defined as

p1 =X (O +62), po = X0+ 62), p3s =2\, py = 2\'K,

where A is the lattice parameter with the interaction coeflicients 6, 61, 02, while K is the
anisotropic parameter .

Because of the relevance of Heisenberg Ferromagnetic equation, many researchers have
acquired the exact solutions for this equation without stochastic term by employing dif-
ferent methods such as F-expansion method [6], generalized Riccati mapping [9], modified
exp-function expansion [2], Jacobi elliptic functions [12], auxiliary ordinary differential
equation [13], sub-ODE [11], Hirota bilinear [5, 14], and sine-Gordon expansion and the
modified exp(—®(&))-expansion function methods [10]. However, many authors have stud-
ied the SHFE (1) by utilizing different methods including (G’/G)-expansion method [1],
Jacobi elliptic function method [7] and mapping method [8].

This work aims to obtain accurate solutions to the SHFE (1). In order to do this,
we apply an appropriate transformation to change the SHFE into another HFE-RVCs.
Following that, we use the JEF and GREM methods to obtain the solutions for HFE-RVCs.
Finally, we may obtain the stochastic solutions of SHFE by applying the transformation
that was applied. Because of the significance of the Heisenberg Ferromagnetic equation
(1) in the behavior of ferromagnetic materials, these obtained solutions are essential for
comprehending a number of challenging physical processes. Using MATLAB tools, we
present some graphics to illustrate the impact of the stochastic term.

The rest of this paper is organized as follows: In Section 2, we derive HFE-RVCs from
SHFE (1) and determine the solutions of HFE-RVCs. In Section 3, we obtain the solutions
to SHFE (1). We discuss how Brownian motion affects the solutions in Section 4. Lastly,
we present the conclusions.
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2. HFE-RVCs and Its Solutions

In this section, we derive the HFE-RVCs. By applying the transformation

1
Z/{(t, xz, y) = W(tv z, y) eXp[ZQD(t, z, y) + Vﬁ(t) - 5”27‘:}7 (2)
we get HFE-RVCs as follows

Wy — Weor + p1[Waa + 2ip.We + i0za WV — 2 W)
+p2[Wyy + 2ip Wy + iy, W — SDZW] + p3[Way + ipuy W (3)
i Wy + iy Wa — 0ap, W] — A(H)W? = 0,

2uB(t)—v3t

where we applied the 1t6 derivatives, A(t) = pye and W is a stochastic real

function.
2.1. GREM-method

The GREM-method described in [15] is used here. To attain the solutions of the
HFE-RVCs (3), we suppose the solutions of Eq. (3) in the special forms:

N

t
W(t,z,y) =) ar(t)F (), n=kiz + kay + / A()dr, (4)
k=0 0
and
e(t, z,y) = o(t) + 1 (t)x + Pa(t)y. (5)
where ag, 1,y Qun—1, Qm, A, Yo, ¥1, and s, are functions of ¢ and «,, # 0, and F
fulfills

F =sF2+rF+p, (6)

with s, r, and p are constants. First, let us balance W,, with W3 in Eq. (3) in order to
determine the value of N as follows

N+2=3N= N=1.

Rewriting Eq. (4) as
W(t, z,y) = ao(t) + o (t)F(u). (7)

We differentiate Egs. (7) and (5) with regards to ¢, z and y as follows

= (ag+pagA) + (a1 + oy A)F + sha1 F2,

ko [sF? +rF +pl, Wy = kaai[sF? +rF +pl,
k2o [252F3 + 3srF2 + (2sp + 12 F + rp),
k2252 F3 + 3srF2 + (2sp + 12 F + rp),

= kikoa1[25°F® + 3srF2 + (2sp + 1) F + rp),

SSIs s
Il
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W3 = @3F 430003 F% + 30301 F + o, (8)

and ‘ . ‘

ot =g+ V1o + Yoy, P =1, Py = V2, ez = Pyy = Py = 0. (9)
Substituting Eqgs. (5), (7), (8) and (9) into Eq. (3). Then, by setting each of F*’s
coefficients to zero, we gain

FOu g+ pAag + 2pkipriar + 2pkapiibaca + phapsibran + phipsibaar = 0,

FLiag +rdag + 2rkipribran + 2rkapiipacn + rhapsiian + ki pgibaar = 0,
F2o sy + 2skipiian + 2skapribean + skapsibian + skipsibaar = 0,

zFO - a0¢1 =0,
yfo : O‘O¢2 = 07
zFb o a1¢1 =0,
yFL andy =0,

FOo —aog + proa(kipy + k3pa + kikaps) — ¢7prag — 3 paco — Y1ibapsag — Aajy = 0,
Flo oty + 2sp + r?) (K p1 + kipa + kikaps) — ¥3p1 — 3ps — 1tpaps — 3Aag) = 0,
F2: 3sraq(K3py 4 k3pa + kikaps) — 3Aagad = 0,

and
Fo 25%aq(kip + k3p2 + kikaps) — Aad = 0.

By solving these equations, we have

At
00(t) =7 =0, ar = £, Kipi + K3pa +Fakaps = T, (10
A(t) = =2k1p11 — 2kap2the — kapsthr — k1pside, (11)
and
p£2 t t 9 9
Y1 = hy, Y2 = ha, o(t) = - A(r)dr + [ (hip1 + hyp2 + hahops)dr, (12)
0 0

where hi, hg and £ are constants. For simplicity, let A7 = k1 and Ay = kg in order to

obtain
2 2 2
Aw=€“1w>f—ﬂ/q
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and
O[O(t) :0’ aq :E, @Dl = klv ¢2 :k27 r=0.

Hence, by utilizing Eqs (7) and (10), the solution of the HFE-RVCs (3) is
62[)4 ! 2wB(1r)—v3T
W(t,z,y) =LF (), p=kix+ koy — 2 | dr. (13)
0

Depending on p and s, there exist many sets to find the solution F of Eq. (6) as
follows:
Set I: If ps < 0, hence Eq. (6) possess the solutions:

Fi(p) = _\/?tanh(\/—ipsﬂ);

Fa(p) = —\/? coth(v/=psp),

-1 /- 1 1
Fa(p) = 5 —p(tanh(f\/—ps,u) + coth(f\/—psu)).
s 2 2
Consequently, HFE-RVCs (3) has the hyperbolic function solutions:
Wit @,y) = —L4/ %p tanh(v/'—psp), (14)
Wa(t,,y) =~/ —F coth(v/=psp). (15)
—-p
Ws(t,x,y) = =4/ ?<coth( —4psu) % csch( —4psu)>, (16)
1 =p 1 1

Wy(t,z,y) = —58 ~ (tanh(iv—psu) + coth(is/—psu)) (17)

Set II: If ps > 0, hence Eq. (6) possess the solutions:

Falp) = /L an( o),

Folu) = —\/f cot(y/p3p).

Folp) = /2 (tan )  see(/Apom)).
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Falp) = —\/§<cot( 4psp) £ csc( 4p8M)>a

1

Fali) = 32 (ant B0 — cot( Vo).

Consequently, HFE-RVCs (3) has the trigonometric function solutions:

Watt, ) = 42 tan o), (15)
Watt, ) = )2 (o), (19)
Walt,z,y) = e\f <tan( dpsp) + sec 4p5u)), (20)
Wa(t,z,y) = el\[(cot( Apsp) + csc( 4ps,u,)>, (21)
Wo(t, ) = 32 (tan( vsn) — cot(5vom)). (22)
Set III: T p = 0 and s # 0, hence Eq. (6) possess the the rational function solution
Fro(p) = ;

Consequently, the HFE-RVCs (3) has the solution

14
WIO(t7xvy) = _57 (23)

22 p4 ft 2uB(T I/27’d7_

2.2. JEF-method
Assuming that the solutions to Eq. (3) with N = 1 have the following type

W(t,z,y) = ao(t) + a1 (t)J (), (24)

where J(u) can be any of the elliptic functions en(wp, ), sn(wp,n) or dn(wp,n). We
differentiate Eq. (24) with regards to ¢, x and y to get

Wy = ag+ o +wrarJ, Wy =wkiaJ', Wy:wkgalJ’,
Wie = a1kiw?J" =kia1ByJ + kia1 By J?,

Wyy = k%alB1J+k§a1BQJ3,

Wiy = kiksa1BiJ + kiksa1 BaJ?,
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W3 = a3 I3 + 3apalJ? + 3adarJ + af, (25)

where By and By are constants that will be determined later and rely on w, and 7. Plugging
Egs. (25) and (9) into Eq. (3). Then, by setting each of J*’s coefficients to zero, we gain

JO: ap =0,
JV: a4 =0,
' war [N+ 2p101ky 4 2pathoka + psibiks + paibaky] =0,
zJO aogbl =0,
yJO : ao@z =0,
zJ: aip, =0,
?JJ1 : al¢2 =0,
JY: —aopy — pipiao — phpaa0 — prpapsao — Aag = 0,
JV —a1py + pra1kiBy + peark3 By + psaikika By
—pra1p} — paa1p} — psarp1ps — 3Aadar =0,
J?:  3Aagal =0,
and
J3 0 praikiBy + paaik3 By + p3aikike By — A = 0.

Solving these equations, yields

2 2 h2A(t)
ao(t) =0, a1 =h, p1ki + p2k3 + p3kiks = B, 1T ki, @2 = ko, (26)

and 2( ) t 2

hBl—l/ —2N

DL A(r)dr, M) = A,
5, [ A M) = A

where h is a constant. Therefore, the solutions of the HFE-RVCs (3), using Eqs (24) and
(26), are

wo =

W o o 2h2p4 K 2vB(T)—v2T
(t,x,y) = hJ(n), p=kix+ koy — 3. | ¢ dr. (27)
2 0

In the following, we define J(u) as:
Set 1: When J(u) = sn(wu,n), Eq. (27) has the form

2 hQ t
W(t,z,y) = hlsn(kiwz + wkay — WB = / O ar, )], (28)
2 Jo

where
By = —w?(1 +72) and By = 2w?n?.
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Set 2: When J(p) = en(wp, ), Eq. (27) has the form
9 h2 t
W(t,,) = hlen(kywr + whay — =5 /0 PO 47 )], (29)

where
By = w?(1 —27?%) and By = —2w?n?.

Set 3: When J(p) = dn(wp, ), Eq. (27) has the form

9 h? t
W(t,z,y) = hldn(kiwz + wkay — WB = / O ar, ), (30)
2 Jo

where
B; = w?(2 — 7?) and By = —2uw?.

3. Exact Solutions of SHFE

The solution of SHFE (1) is obtained by putting Eq. (13) into Eq. (2) as

U(t,z,y) = W(t, z,y) explio(t,x,y) + vB(t) — %VQt], (31)

where 2 2 t
o(t,z,y) = kix + kay + (% _ W)/ 62”5(7)*1’27657..
0

3.1. GREM-Method
Substituting Eqs (18)-(23) into (31), we get the solutions of the SHFE (1) as

2

t
Ui(t,x,y) = U/ Sp(tanh[\/—ps(lﬁx + koy — 63/2)4/ eZVB(T)_I/QTdT)]>e[iSD'i‘Vﬂ(t)_%l/Qt]’
0

(32)
Us(t,z,y) = A/?(coth[\/—ips(k‘lx + koy — Eﬂ /Ot 62115(7')—V2Td7_)])e[itp-‘ruﬂ(t)—%ﬂﬂ’
(33)
it = O (b i b - e [ 20 1
sy Ti(ise + by — S J{ 0 ) sroA03
Us(t,z,y) = —3¢ (tanh[ V—ps(kix + koy — % fot 62”5(7)_”27617)] (35)

+ coth[3 y=ps(kio + kay — G4t 5 20— mgr)]) eliv A= 5,

for ps < 0,

Us(t,x,y) = 6\/;tan[\/>(k1x + koy — Esﬁ 2vB(r) = ”QTdT)]e[er”ﬁ(t)*%”zt], (36)
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2 t '
Us(t,z,y) = E\[cot[ /ps(kiz + koy — ¢ /2)4/ 62”5(”_”2%7)]e[“”*”ﬁ(t)_%”2'5], (37)
0

Us(t7,) = 042 tanly/Tps( Cpu [1 2B qr)) (38)

—sec[y/ps(kiz + kay — S84 [ () TdT)]>e[i@+V5(t)*%V2t]7
Us(t,x,y) =1 %(cot[\/%(klx + koy — ZZ# f{f 2WB(r) =T 4] -

+ csc[v/Aps(kiz + kay — 425# I 621/,8(7—)—1,27—d7_)]) oliotvp(t)—Lv21]

o(t,,y) = 5 \f (tan (ki + koy — 242 f tewB(—r*T ) (40)

cot[ S(kva + koy — & Lo ft 21/5 —v TdT)])e[i<p+y/6'(t)_%V2t],

for ps > 0, and
_1 ) Ly

tolt,z,y) = elietvB®=3v 1 for ¢ £ 0. 41
( ) <3(k1§6 + koy — Zi# fg QQVB(T)—VQTdT>> (41)

Remark 1. Fgs (32) and (33), with v = 0 coincide with the solutions (45) and (46) that
reported in [6].

3.2. JEF-method
The solutions of the SHFE (1) are obtained by substituting Eqs (28)-(30) into (31) as

U, z,y) = h(sn(klwx + wkoy — % Ot e2u6(r)7u27d7’ h))e[wwﬂ(t)*%u?t]’ (42)

Ult,z,y) = h(cn( Ui p4 tBZVB(T)_”2TdT, ﬁ))BWJFVB(t)_%VQt], (43)
and 0

Ult, . y) — h( dn(knw + whay + h? (54 /O 2B =T g ﬁ))ewwﬁ(t)f%uzt]’ (44)
where

(B —1) [*
wo = k1x + koy + (1)/ A(r)dr
BQ 0
If n — 1, then the Eqs (42)-(44) become
h? t .
U(t,z,y) = h(tanh(klwx + wkoy — ufM/ QQVB(T)_VQTdT)>6[1W+Vﬁ(t)_%V2t}’ (45)
0
and
t
Ut z,y) = h<sech(klw gy + P4 1 pa / 2vB(r) =T dT))e[wwﬁ(t)—%u?t}_ (46)
0

Remark 2. If we put v = 0 in Egs (42)—(46), we have the same solutions that stated in

[12].
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4. Discussion and impacts of noise

Discussion: In this paper, the exact solutions of the SHFE (1) were acquired. We
applied two methods such as the GREM-method and JEF-method which they provided
many types of solutions such as optical kink solution (32), optical singular solution (33),
optical singular periodic (36) and (37), elliptic solutions (42)-(44) and etc. One of the
key features of singular solitons in the Heisenberg ferromagnet equation is their ability
to maintain their shape and energy despite interacting with other solitons or external
perturbations. This stability arises from the non-linear nature of the equation, which
allows solitons to balance the competing effects of dispersion and nonlinearity. Solitons
in the Heisenberg ferromagnet equation often exhibit complex and interesting dynamics,
such as the formation of bound states or the reflection and transmission of solitons at
interfaces between different regions of the material.

Impacts of Brownian motion: the impacts of noise on the solutions to the Heisen-
berg ferromagnet equation can have significant implications for the design and performance
of magnetic devices. By understanding the impacts of noise on the solutions to the Heisen-
berg ferromagnet equation, scientists and engineers can work towards developing better
strategies for mitigating the effects of noise and improving the performance of magnetic
devices based on these solutions. Ultimately, addressing the challenges posed by noise
will be crucial in unlocking the full potential of the Heisenberg ferromagnet equation and
advancing the field of magnetic materials and technology.

Now, the effect of noise on the exact solutions of the SHFE (1) will be examined. We
provide some figures for different solutions with varying noise intensity v. Graphs 1, 2 and
3 show the solutions U(t, z,y) presented in Eqs (43), (45) and (46) for distinct value of v
as follows:
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space K 4 0 Time )"

12

—_—=0
v=0.1
v=0.4

Solution

2 25 3 35 4 45 5
Time "t"

(F) v=0,0.1,04, 1, 2

0 0.5 1 15

(e) v=2
Figure 1: (a-e) display 3D-shape of |U(xz,y,t)| described in Eq. (43) with k1 = ko =1, p=s = 0.5, £ =

1, pa=1, z € [-4,4], y=0and t € [0, 3] (f) exhibits 2D-shape of Eq. (43) with distinct v
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Zoluvon
= olubon

space K 4 0 Time )"

Zolubon
Solution

15 2 25 3 35 4 45 5
Time "t"

(e) v =2 (f) v =10,0.1,0.4, 1, 2

Figure 2: (a-e) display 3D-shape of |U(z,y,t)| presented in Eq. (43) with # = h = 0.5, k1 = ko
pa=2, w=1, ze€[-4,4], y=0, and t € [0,4] (f) exhibits 2D-shape of Eq. (43) with different v
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Zoluton

=olulon

Solution

0 0.5 1 15 2 25 3 35 4 45 5
Time "t"

(e) v =2 (f) v =10,0.1,0.4, 1, 2

Figure 3: (a-e) display 3D-shape of |U(z,y,t)| presented in Eq (46) with k1 = ko =1, w=2, pa=1, z €
[—4,4], y=0and ¢ € [0, 3] (f) shows 2D-shape of Eq. (46)

As seen in Figures 1-3, a wide variety of solutions, such as optical kink solutions, optical
singular solutions, optical periodic solutions, and others, arise when noise is disregarded
(i.e., v = 0). After a few transit patterns, the surface flattens when noise is added at
v = 0.1, 0.4, 1, 2. This finding demonstrates the stabilization of the SHFE Eq. (1)
solutions around zero due to multiplicative Brownian motion.
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5. Conclusions

The stochastic Heisenberg ferromagnet equation (SHFE) (1) driven by multiplicative
noise in the It6 sense was examined in this study. We transformed the SHFE into another
Heisenberg ferromagnet equation with random variable coefficients (3) (HFE-RVCs) by
applying the proper transformation. We found novel stochastic exact solutions for HFE-
RVCs in the form of hyperbolic, trigonometric, rational, and elliptic functions utilizing two
various methods including the JEF-method and GREM-method, and then we acquired the
solutions of SHFE (1). Additionally, we generated a few earlier solutions, such the solutions
documented in [6, 12]. The obtained solutions are essential for comprehending a number
of challenging physical processes due to the significance of the Heisenberg ferromagnet
equation in the behavior of ferromagnetic materials. The impact of the stochastic term
on the stochastic exact solutions of SHFE was finally illustrated using a few graphics. In
future work, we can study SHFE (1) with additive noise.
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