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1. Introduction and preliminaries

One of the most important areas of mathematical research, which has its origins in
problems relating to applied mathematics, is the investigation of stability issues for func-
tional equations. Ulam [28] stated the following as the first query pertaining to the stability
of homomorphisms.

Let U be a group and V be a metric group with a metric d(-,-). Given € > 0, is there
a ¢ > 0 such that if a function ¢ : U — V fulfills

d(d(w), ¢(u)p(v)) <6,

for all u,v € U, then there is a homomorphism & : U// — V with
d(p(u), ®(u)) <,

*Corresponding author.
DOLI: https://doi.org/10.29020/nybg.ejpam.v18il.5757

Email addresses: karthik.sma204@yahoo.com (S. Karthikeyan),
siriluk.pa@up.ac.th (S. Donganont), baak@hanyang.ac.kr (C. Park),
tamiltamilk7@gmail.com (K. Tamilvanan), wangyq@dimu.edu.cn (Y. Wang)

https://www.ejpam.com 1 Copyright: (©) 2025 The Author(s). (CC BY-NC 4.0)



S. Karthikeyan et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5757 2 of 18

for all u € U?

Hyers provided the first partial answer to Ulam’s concern regarding the Cauchy equa-
tion in Banach spaces in [19]. Later, Aoki was the first to generalize Hyers’ findings and
not until much later by Rassias [24] and Gavruta [18]. Since then, several functional equa-
tions’ stability issues have been thoroughly researched (see [7, 8, 20, 25]). If any function
f approximates (in some sense) the solution to the functional equation, then the func-
tional equation is said to be hyperstable. It appears that the first hyperstability finding,
which dealt with ring homomorphisms, was published in [6]. Hyperstability, however, is
mentioned for the first time in [21].

Brzdek investigated the hyperstability results for the Cauchy equation (see [9-11]). The
hyperstability of the parametric basic equation of information was addressed by Gselmann
in [17]. Bahyrycz and Piszczek reported the Jensen functional equation’s hyperstability in
[4]. For a certain class of complete metric spaces, Brzdek and Ciepliriski [13] demonstrated
a simple fixed point theorem, namely, complete non-Archimedean metric spaces, p-adic
strings, and superstrings that are related to several quantum physics-related phenomena.
They also demonstrated that how effective and practical this theorem is for demonstrating
the Hyers-Ulam stability of a huge class of functional equations in a single variable.

The fixed point theorem [12, Theorem 1] was restated in 2-Banach spaces by El-Fassi
[15] in 2017, and a radical quartic functional equation was introduced and examined its
Ulam stability in 2-Banach spaces by fixed-point approache. In [5], Bounader examined
the hyperstability of the quartic functional equation in Banach spaces. In [2], Aribou et al.
presented the hyperstability results of a cubic- quartic functional equation in ultrametric
Banach spaces. And also, in 2020, Sayar and Bergam [27], examined stability and hyper-
stability for the quadratic functional equation in 2-Banach space by Brzdek fixed-point
theorem.

Motivated by the above results on the hyperstability of additive functional equations,
quadratic functional equations, cubic functional equations and quartic functional equa-
tions, in the current work, we try to examine the hyperstability of the following quintic
functional equation

d(u+ 3v) = 5p(u + 2v) — Pp(u — 2v) + 10¢(u + v) + 5p(u — v) — 10¢p(u) — 120¢(v) = 0,

in Banach spaces by means of Brzdek’s fixed point approach.

A concept employed by Brzdek in [9-11] and later by Piszczek [23] served as the
inspiration for the manner of the primary results’ confirmation. Its foundation is a fixed-
point theorem for functional spaces discovered by Brzdek (see [12], Theorem 1]). Most
frequently, the superstability and hyperstability, which also accepts bounded functions-are
concerned. Numerous articles have been written on this topic and we refer to [1, 3, 4, 14,
16, 17, 21, 22, 26, 29].

Throughout the paper, N denote the set of all natural numbers, Ny = N U {0}, R
denote the set of all real numbers, N,, denote the set of all natural numbers greater than
or equal to m, for every m € N and Ry denote the set of all positive real numbers. We
use the notation Uy for the set U\ {0}.
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Theorem 1. [13] Let U be a non-empty set, (V,d) be a complete metric space, and Y :
VYU VU fulfill the hypothesis

lim Y6, =0,
m——+00
for {6m Ymen in V¥ with
lim §,, = 0.
m—»+0o0

Suppose that an operator ® : YV — V! fulfills

d (®y(u), Bs(u)) < T (A®W,9))), ¥,c eV,

for all w € U, where a mapping A : V1 x Y1 — R% 1s defined by

A (1/1a§) (u) = d(w(u),G(U))v '¢,§ S Vu, uelu.

If there is a mapping ¥ : U — Ry and ¢ : U — V fulfilling

d(2¢(u), Bs(u)) < ¢(u)

and

9 (u) = > (Y™) (u) < o0

meENy
for all w € U, then the limit
lim (®™() (u)

m——+00

exists for each u € U. Furthermore, the mapping x € VY, defined by

x(u) = Tim (®"C) (u)

m——+00

is a fixed point of ® with
d (¢(u), x(u) < 9" (u)
forallu e l.

The upcoming fixed point theorem, which corresponds to Theorem 1 in complete
normed space, is then discussed. This outcome is an important factor in the formula-
tion of stability findings.

Theorem 2. Let U be a nonempty set, (V,||-||) be a Banach space and let ¢1,¢pa, -+, Py
U — U be mappings and Ly,--- ,L; : X — R be functions. Suppose that & : V4 — VU
and two operators Y : Rﬁl_xu — ]RZ_’{’_XU fulfill the conditions:

l

[ep(u) Z ) [ (9i(w)) — < (di(w))]l



S. Karthikeyan et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5757 4 of 18

for all ,s e VY, w el and

l
Yo(u) = > Li(uw)d (¢i(u), §eRPH, wel

i=1

If there exist mappings ¥ : U xU — Ry and ¢ : U — V satisfying

[2¢(u) = C(u)]| < I(u)
and

9 (u) ==Y (Y™) (1) < oo
m=0
for all u € U, then the limit
lim (™) (u) (1)

m——+00

exists for every uw € U. Furthermore, the mapping x : U — V defined by

xi= lim (@7C) (u)

m——+00

s a fized point of ® with
1€(u) = x(w)]] < 9*(u)
for all u e U.

For our notational handiness, we use the abbreviation

D¢(u,v) = ¢(u+3v) — 5020+ u) — ¢(u — 2v) + 10¢(v + u)
+5¢(u —v) — 10¢(u) — 120 (v). (2)

2. Main results

In this section, we demonstrate various hyperstability and stability of (2) in Banach
spaces utilizing Theorem 2. Suppose that U is a normed space along with Uy = U\{0}
and (V, || - ||) is a Banach space.

Theorem 3. Let 71,70 : Uy X Uy — R4 be two functions such that

W:={meN:a, <1} =2,

where
- L (m + 3)na( +3)+L (m — 2)na( —2)+i (m + 2)n2(m +2)
am = ogmim n2(m 20 im n2(m 5 (m n2(m
1 1 1
g (m o+ Dna(m 4 1) 4 o (m)na(m) + 5o (m = Dga(m — 1)
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and
ni(m) :=inf {l € Ry : 7i(mu) <lr(u), u €U}
for allm € N, where i = 1,2. Assume that ¢ : U — V fulfills
| Dé(u,v)|| < m1(u)m2(v), w,v € Uy (3)

such that 3v+u #0, 2v+u#0, u—2v#0, u—v # 0 and v+u # 0. Then there is only
one quintic mapping H : U — 'V fulfilling

[¢(u) — H(u)|| < nom(u)m2(u)
for all uw € Uy, where
i m(m)
mo = laf, { 120(1 — am) } '

Proof. Replacing (u,v) by (nu,u) in (3), we obtain

Hm¢ ((34+n)u) — 2*14¢((2 +nju) — 170(25((71 —2u) + %gb((l +n)u)
+24¢>((n — Du) = %(b(nu) P(u)|| < %207'1 (nu) 2 (u) (4)

for all u € Uy and all n € N. For any n € N, we define the operator ®,, : Yo — Yo by

Do) = @w«s ) = (2 4 ) — (- 2)u)
(1 mu) + 50— 1)u) — < () o)

for all ¢» € VY0 and all u € Uy. Moreover, putting

1
U (u) := 5™ (nu) T2 (u) (6)
for all u € Uy, and observe that
1
= <
On(e) = Ty () 7a(u) < s (07 (w)72(w) 7)

for all u € Up and all n € N. Using the conditions (5) and (7) in (4), we get

[p(uw) = @rp(u)]| < Vn(u)

for all u € Uy. Moreover, for any u € Uy and every 1), ¢ € VX0, we obtain

19,00) = s = | 550G+ = go(@ +ma) = pggn = 20
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L1+ n)u) + 2—141#(@ —u) - %Ww)

12
135G+ ) + 5@+ mu) + (= 2)u)
() = 5o((n— 1)) + 2 o(nu)
< 130 = 9@+ n)]| + g = 2+ )
#1300~ 90 =20 + 5 | - @+

| (DR

35| - O

s Uo XU Uo x U
This brings us to define the operator Y, : RZ°**0 — R0 by

T, 0u) = %05((3 )+ (2 + mu) + %20(5((71 — )
—i—%é((l +n)u) + i(S((ﬂ —1u) + 1—125(nu)

for all u € Uy and all 6 € RZOXMO. For every n € N, the operator previously defined has the
form specified in (1) with ¢1(u) = (3 4+ n)u, Li(u) = 15; ¢2(v) = (2 + n)u, La(u) = 5
d3(u) = (n—2)u, Ly(u) = 1hy: da(u) = (1n)u, La(u) = 5: és(u) = (n—1)u, Ls(u) = 5
d6(u) = nu, Lg(u) = 5 for all u € Up.

By induction, we will prove that for all u € Uy, m € Ny, and n € W, we have

(0702 () < —osm (w7 (u)ra () 0

We may deduce the inequality (8) holds for m = 0 from (6) and (7). Following that,
we suppose that (8) is true for m = k, where k£ € N. Then

(Tfﬁlﬁn) (W) = T, ( (Tﬁﬂn) (u))

= o (TR0 (B m)a) + o7 (X20a) (2 4+ mu) + 2o (T0n) (n — D)
2 (002 (U m)u) o (XR0) (1= D) + 2 (Y39,) ()

m (n)aﬁﬁ((?) +n)u)2((3 + n)u))

AN
—
M\H
o
7N
S
—
= o

(b (@ - mmi -+ )

1
a5 (e = 20n(n 20



S. Karthikeyan et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5757 7 of 18

o (amekn (4w )

+i <1;0m (map((n — Du)ms((n — 1)“)>
AU
1

< ™ (n)ay ™ 11 (u)T2(u)

for all u € Uy and all n € W. Thus, for m = k + 1, the inequality (8) holds. Since the
inequality (8) holds for all m € Ny, we may obtain this conclusion. Thus we obtain

V(u) = (Tn) (u)

m=0

1
< Y Semmarn@n)
0<n<oco

m(n)

< mTl(u)Tz(u) < 00

for all u € Uy and n € W. Therefore, according to Theorem 2, we obtain the limit mapping

Hy(u) = lim (97'6) (u)

m—-+00

exists for each u € Uy and n € W, and

(n)71(u)72(u)
120(1 — o)

6 (u) — Hy(u)]| < 9)

for all u € Uy and n € W.
Now, we will prove that H,, fulfills (2). It is enough to prove the following inequality

[1D(®5'¢) (u, )| < ai'ri(u)Ta(v), (10)

for all u,v € Uy and n € W. Consider k¥ € N and suppose that (10) holds for m = k.
Then, for each u,v € Uy and n € W, we get

[D@E o)) < oakn( 4+ mpum (3 + ) + ooakn((2+ (2 -+ n)o)

= 12077 510n
+%afﬁl((n — 2)u)ra((n — 2)v) + %aﬁn((l +n)u)m((1 + n)v)
"‘2*140/57'1((71 = Du)ne((n — o) + %aﬁﬁ((”)wm((n)v)
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By induction, we need to prove that (10) holds for all u,v € Uy, m € Ny, and n € W.
Taking the limit m — oo in (10), we get

Hp(u+3v) — 5Hy(u+ 2v) — Hy(u — 2v) + 10H, (u + v)
+5Hy(u—v) — 10H,(u) — 120H,(v) =0

for all u,v € Uy such that 3v+u #0, 2v0+u#0, u—2v#0,u—v # 0, v+u # 0, m € Ny,
and n € W. This implies that we can be defined H : i/ — V which fulfills

H(u) = T;()H((n +3)u) — %H((n ) — iH((n +2)u)
o H((n 1)) — < Hl) + 5 H (0~ 1)), (1)

for all w € Uy and all n € W.
Next, we need to show that each quintic mapping H : U — V fulfills the inequality

[o(u) = H(u)|| < L7i(u)T2(u) (12)

for all u € Uy, with 0 < L, is equal to H, for every n € W. As a result, we set ng € W
and H : U — V fulfilling (12). From (9), for every u € Uy, we have

[1H (u) = Hno(u)|| < [|1H(u) = d(u)]| + [|¢(u) = Hnp (u)]]
< Lﬁ(u)rg(u)—i—ﬁ* ( )
< Lomi(u Zano, (13)

where Lo := (1—ay,) L+ ﬁm(no) > 0 and we exclude the case that 71(u) = 0 or 72(u) =0
which is trivial. From the observation, the functions H and H,, are the solutions to the
functional equation (11) for every n € W.

Next, we prove that, for every 5 € Np, we obtain

1H (u) = Hno (u)|| < Lomi(u)7a(u) Y oy (14)

m=j

for all u € Up. The inequality (13) is valid for the case j = 0. The next step is to correct
k € N and suppose that (14) is true for j = k. In the sense of (13), for every u € Uy, we
obtain

o0

1
—— Lo71((3 + no)u)m2((3 4+ no)u Z Qe

|H(w) — Ho(w)]| £ 50

IN

o0

1
+5Lomi((2+10)u)ma((2 + 10)u Z Qe
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+7L071(( 2 +no)u)72((—2 + no)u Zaffo

+24

+%Lo7‘1((no)u)72((”0)“)) >

m=k
oo
< LoanoTl (U)TQ(U) Z anmo
m=k
< Lo7i(u Z Qe
m=k+1

Thus the condition (14) is valid for j = 1+ k. As a result, we may say that the inequality
(14) is true for all j € Ny. Taking the limit j — oo in inequality (14), we obtain

H = Hy,. (15)

Also, in view of (9), we have

m ) (W)
() — H ()] < P EEEE,

for all u € Uy and all n € W. This implies the condition (3) with H = H,,, and (15) shows
the uniqueness of H.

Theorem 4. Let 7 : Uy X Uy — Ry be a function such that

W={meN:a, <1} =2

where
= (34 m) + (@4 m) (-2 + m)
Gm = 12077 M) g MET I 790" mn
1 1
+ﬁn(1+m)+ﬂn(—l+m)+ 1277( m)
and
n(m) :=1inf {l € Ry : 7(mu) <lIr(u), weUp}, (16)

for every m € N. Assume that ¢ : U — V fulfills

D¢ (u, v)|| < 7(u) +7(v) (17)



S. Karthikeyan et al. / Eur. J. Pure Appl. Math, 18 (1) (2025), 5757 10 of 18

for all u,v € Uy, such that 3v+u #0, 20+ u#0, u—2v#0, u—v #0 and v+ u # 0.
Then there is only one quintic mapping H : U — V satisfying

1H (u) = ¢(u)]| < no7(u), (18)

g [ LEn(m)
mo = lnf, { 120(1 — am) } '

for all uw € Uy, where

Proof. Replacing (u,v) by (nu,u) in (17), we have

H120¢ ((3+n)u) — iqﬁ(@ +n)u) — @Gﬁ(( 2 +n)u) + T12¢((1 +n)u)
24¢(( L+n)u) — %aﬁ(nu) d(u)|| < ﬁ (r1(nw) + 72(u)) (19)

for all u € Uy and all n € N. For any n € N, we define the operator ®,, : V1o — Yo by

Do) = mwms) w) = o+ 2)u >—1—20w<<n—2> )
s+ 1) + 5 (0 — 1)u) — < ()

for all p € VY0 and all u € Uy. Moreover, put

for all u € Uy, and observe that

() = 55 (r(m0) + 7)) < 2o () + 1) m(w) (21)

for all u € Uy and all n € N. The inequality (19), then has the following form
[¢(u) = Pnd(u)|| < In(u)

for all v € Uy. Moreover, for any u € Uy and every 1, ¢ € V0 we obtain

19,00 ~ s < 356 = 0+ 300 + g 0 = G+ 200
#1300~ 0 =20 + 5 | = 9 130

| (DIt

+ 250 = .

This brings us to define the operator T, : Rlioxuo — ]RMOXUO by

Tho(u) := %205((71 +3)u) + ic?((n +2)u) + 17205((71 —2)u)
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for all u € Uy and all § €

1
+Ed((n—|— 1u)

specified is given in (1) with

for all u € Uy. By induction,

have

$1(u) = (n+3)u,
$2(u) = (n+2)u,
¢3(u) = (n—2u,
¢a(u) = (n+1u,
¢5(u) = (n—1lu,
d6(u) = nu,

1

(C390) (1) < 1

1

Du) + %5(nu)

(n(n) +1) ay'7(u).

The condition (22) for m = 0 is derived from (20) and (21).
Suppose that (22) holds for m = k. Then

(k0. ()

<

. (150 )

1

120

(0302 ((n -+ 3)2) + 5 (Xh0) (4 2)u)

1
120

11 of 18

sz’ro xUo - For every n € N, the form of the operator previously

we will verify that for every u € Uy, m € Ng, and n € W, we

(22)

T30n) ((n = 2)u)

s (T30) (0 + 1)) + 52 (OC3d) (0 = D)) + = (Th0) ()

1

5 () + Dak7(w),

for all u € Uy and every n € W. Therefore, for m = k + 1, the inequality (22) holds. As a
result, we may say that the inequality (22) holds for all m € Ny. Thus we have

o0

> (T00) (u)

m=0
oo

U ()

IA

n=0

(n(n) +1)
120(1 — o)

IN

S 235 (10m) + 1) e r(w)

T(u) < 00
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for all u € Uy and n € W. Therefore, according to Theorem 2, we obtain the limit function

Hy(u) = lim (93'¢) (u)

m——+00

exists for every u € Uy and every n € W, and

(n(n) + 1)7(u)

() — Hu ()] < TS

(23)

for all u € Uy and n € W. Now, we want to prove that H,, fulfills (2), it is enough to show
the following inequality

1D(®70) (u, v)|| < ai* (7(u) + 7(v)) (24)

for all u,v € Uy, m € Ny, and n € W. Since the condition (17) is all that is required in
the situation m = 0, assume that k£ € N and suppose that (24) holds for every m = k and
u,v € Uy and n € W. Then, for each u,v € Uy and n € W, we have

|p@k ) (w,v)| < ok (rw) + ma(v)).

By induction, we need to prove that (24) holds for every u,v € Uy, m € Ny, and n € W.
Taking the limit m — oo in (24), we obtain

DH,(u,v) =0

for all u,v € Uy, m € Ny, and n € W. This implies that the mapping H : U — V satisfies

Hiu) = T;()H((n +3)u) — iH((n +2)u) — %H((n )
+11—2H((n F 1)) + iH((n ) — 1—12H(nu) (25)

for all u € Uy and all n € W.
Next, we need to show that each quintic mapping H : U4 — V fulfills the inequality

[f(u) = H(u)|| < L7(u) (26)

for all u € Uy, with some 0 < L, is equal to H, for every n € W. As a result, we fix
nog € Wand H : U — V fulfills (26). From (16), for every u € Uy, we get

[ H (u) = d(u) || + [|¢(w) — Hno (u)||
Lt(u) + 9, (u)

< Lo7(u) Z e s (27)
m=0

[1H (1) = Ho ()] <
<
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where Lo := (1 — ane)L + 1551(no) > 0 and we exclude the case that 7(u) = 0 which is
trivial. From the observation, the functions H and H,,, are the solutions to the equations
(25) for every n € W. Next, we prove that, for every j € Ny, we obtain

| H (u) — Hpy ()| < Lot (u Zagg, (28)

for all u € Up. The inequality (27) is valid for the case j = 0.
Next, we set k € N and assume (28) is true for j = k. In view of (27), for every u € Uy,
we have

[ (w) — Hpg ()|

IN

5 OLOT((no—i—S Zan0+ LOT((n0+2) )Y arm

+mLoT no — 2)u Z Qe+ ELOT((nO + 1)u) e

IN
=~
S
Q
5
S
S
M8
Q
g3

Thus

1H (w) = Hop(u)|| < Lor(w) > api.
So the condition (28) is valid for j = k + 1. Hence we may infer that for any j € Ny, the
inequality (28) holds. Taking the limit j — oo in (28), we obtain
H = H,,. (29)

Also, in view of (23), we have

I60) ~ Hop (0] < V10 DT

for all w € Uy and all n € W. This implies the condition (18) with H = H,,, and (29)
confirms the uniqueness of H.
3. Hyperstability

The -hyperstability of (2) in Banach spaces is the subject of the following theorem.
In particular, we take into account functions ¢ : U — V fulfilling (2), i.e.,

1D (u, v)[| < ¢ (u,v)
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for all u,v € Uy such that u+3v #0, u+2v# 0, u—2v#0, u —v # 0, u+v # 0 with a
given mapping ¢ : Uy X Uy — R

Next, we find a unique quintic mapping H : i/ — V which is near to ¢. After that,
assuming some further ¢ assumptions, we demonstrate that the conditional functional
equation (2) belongs to the family of functions ¢ : i — V and is ¢-hyperstable.

Theorem 5. Let 11,70, o and W be as in Theorem 3. Assume that
limyp, 400 m1(m) = 0,

M, 400 m1(m)02(m) = 0,
limy,—s 400 M1 (M — 2)m2(m — 2) = 0.

Then every mapping ¢ : U — V fulfilling (3) is a solution of (2) on Up.

Proof. Suppose that ¢ : U — V fulfills (3). By Theorem 3, there is a mapping
H :U — V fulfilling (2) and

lo(u) = H(u)|| < nori(u)72(u)

for all u € Uy, where

o = inf {771(m) }

mew | 120(1 — auy,)
So, in view of (5), o = 0. This means that ¢(u) = H(u) for all u € Uy. So
D¢(u,v) =0

for all u,v € Uy such that u+3v #0, u+2v#0, u —2v# 0, u —v # 0, u+ v # 0 which
gives that ¢ fulfills (2) on Uy.

Corollary 1. Let € > 0, ¢1,¢c0 € R with ¢1 + ¢c3 < 0. Assume that a mapping ¢ : U — V
fulfills $(0) = 0 and
1D (u, v)|| < el|ul| [[v]| (30)

for all u,v € Uy such that u+3v#0, u+2v#0, u—2v#0, u—v #0, u+v #0. Then
¢ 1s quintic on Uy.

Proof. Theorem 3 is supported by the proof, which defines
T1, 72 Uy X Uy — Ry by 71(u) = er]jul|t, m2(v) = efv]|?

and 71(0) = 72(0) = 0 with €;,e2 € Ry and ¢1,c2 € R such that €je2 = € and ¢1 + ¢2 < 0.
For each m € N, we obtain
m(m) = inf{l e Ry :7m(mz) <7i(u), wel}
= inf{l € Ry : e1||mul| <lellul®, we Uy}
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= m°.

Similarly, we obtain n2(m) = m for all m € N.
Now, we can find mg € N such that

1 1 1
- 3 c1+ca i 9 c1+ca . —9 c1+ca
m g (M 3T A g (m A 27T 4 o5 (m = 2)
1 1 1
. 1 c1+c2 . -1 c1tc2 7 c1tc2 1
+12(m+ ) +24(m ) +12(m) <

for all m > mg. According to Theorem 3, there is only one quintic mapping H : U — V
satisfying
[¢(u) — H(uw)[| < enori(u)m2(w)

for all m € Uy. Since ¢1 + ¢ < 0, one of ¢; and ¢y must be negative. Assume that co < 0.
Then
1y, 4 o0 71 (M) 72(M) = limyy, 5 0o M2 =0,

iMoo M1 (M — 2)n2(m — 2) = limyy, s 400 (m — 2)1F¢2 = 0.

The expected outcomes are thus obtained by Theorem 5.

Example 1. Let U be a normed space and V be a Banach space. Let ¢ : U — V be a
mapping such that Dé(ug,vo) # 0 for some ug,vg € U and

1D (u, v) || < efful|* o]

for all u,v € Uy such that u+3v # 0, u+2v #0, u —2v #0, u —v # 0, u+v # 0,
where € > 0 and c1,co € R. Assume that the numbers ci,co satisfy ¢1 + co < 0. Then the
functional equation

d(u+ 3v) — bp(u + 2v) — Pp(u — 2v) + 10¢(u + v) + 5p(u — v) — 10¢p(u) — 120¢(v)
-0, Yuov el (31)

has no solution in the class of functions ¢ : U — V.

Proof. Suppose that ¢ : Y — V is a solution of (31). Then (30) holds, and consequently,
according to Corollary 1, ¢ is a quintic mapping on Uy, which means that D¢(ug,vg) = 0.
This is a contradiction.

Corollary 2. Let € > 0, ¢ € R with ¢ < 0. If a mapping ¢ : U — V fulfills $(0) =0 and

1D (u, )| < e(llull®+ (o) (32)

for all u,v € Uy such that u+3v#0, u+2v#0, u—2v#0, u—v #0, u+v #0. Then
¢ s quintic on Uy.
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Example 2. Let Uy be a normed space and )V be a Banach space. Let ¢ : Uy — V be a
mapping such that Dp(ug,vg) # 0 for some ug,vg € Uy and

1D (u, v)|| < eflull*[[o]*

for all u,v € Uy such that u+3v #0, u+2v#0, u—2v#0, u—v # 0, u+v # 0, where
€ >0 and c € R. Assume that the number ¢ satisfies ¢ < 0. Then the functional equation

d(u~+ 3v) = 5p(u + 2v) — Pp(u — 2v) + 10d(u + v) + 5Pp(u — v) — 10¢(u) — 1209 (v)
=0, Yu, v € Uy, (33)

has no solution in the class of functions ¢ : U — V.

Proof. Suppose that ¢ : U — V is a solution of (33). Then (32) holds, and consequently,
according to Corollary 2, ¢ is a quintic mapping on Uy, which means that D¢ (ug,vo) = 0.
This is a contradiction.

The findings of hyperstability for inhomogeneous quintic functional equations are

demonstrated by the following corollary.

Corollary 3. Let €,c1,c0 € R with € > 0 and ¢1 + co < 0. Assume that mappings
G:U* =V and ¢ :U — V fulfill $(0) =0 and

1D (u, v) = G(u, v)|| < efluf[|vf| (34)

for all u,v € Uy such that u+3v #0, u+2v#0, u—2v# 0, u—v #0, u+v #0. If
the functional equation

Do(u,v) = G(u,v)
for all u,v € Uy, has a solution ¢o : U — V on Uy, then ¢ satisfies (34) on Up.

Proof. From (34), we obtain the mapping f : U — V defined by f := ¢ — ¢ fulfills
(32).

The equation (2) on Uy is therefore implied by Corollary 1, which states that f is a
solution. Thus

D¢(u7 ’U) - G(ua U) = D(f + ¢0)(u> U) - G(ua U)
=0

for all u,v € Uy such that u+3v #0, u+2v#0, u—2v#0, u—v # 0, u+ v # 0, which
means that ¢ is a solution to (3) on Up.

4. Conclusion
We proved the hyperstability of the quintic functional equation ¢(u + 3v) — 5¢(u +

2v) — ¢(u — 2v) + 10¢(u 4+ v) + 5é(u — v) — 10¢(u) — 120¢(v) = 0, in Banach spaces by
means of Brzdek’s fixed point theorem.
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