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Abstract. This paper presents a detailed exploration of Sheffer stroke Hilbert algebras, introduc-
ing the innovative concepts of length fuzzy ideals and mean fuzzy ideals within an interval-valued
fuzzy framework. These new constructs extend classical ideal theory by incorporating fuzzy logic,
providing precise mathematical tools to analyze and measure membership gradations. Specifically,
the study establishes critical relationships between length fuzzy ideals and mean fuzzy ideals, their
hierarchical subsets, and their implications for algebraic consistency and computational logic. Key
findings demonstrate that length fuzzy ideals align closely with interval-valued fuzzy subsets, while
mean fuzzy ideals offer a unique averaging perspective for understanding ideal structures. These
contributions significantly advance the field of fuzzy algebra, offering theoretical insights and po-
tential applications in computational logic, uncertainty modeling, and algorithmic design.
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1. Introduction

Hilbert algebras, often referred to as implicative algebras, are algebraic structures
that extend the classical operations of logic. These algebras are typically defined by a
set of axioms involving a binary operation, the Sheffer stroke, which is a generalization
of the NAND operation in propositional logic. The study of Hilbert algebras is integral
to understanding non-classical logics, modal logics, and lattice theory, offering essential
insights into the foundational structure of logical systems [3].

The Sheffer stroke is a fundamental element in both classical and non-classical logic
due to its property as a functionally complete operation [13]. This means it can operate by
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itself without requiring any other logical operators to form a comprehensive logical system.
In simpler terms, every logical axiom can be restated using just the Sheffer stroke. This
capability greatly simplifies the manipulation and control of various properties within
the logical system it creates. Moreover, it is noteworthy that the axioms of Boolean
algebra, which correspond to classical propositional logic, can be entirely represented
using the Sheffer stroke. This highlights the Sheffer stroke’s foundational importance and
its versatility within both logical and algebraic systems.

The Sheffer stroke has been utilized in various algebraic structures, such as Boolean
algebras, basic algebras, MV-algebras, BCK-algebras, MTL-algebras and ortholattices,
among others, and is also explored within fuzzy contexts (see [1, 4-7, 9-12]). In 2021,
Oner et al. [6] extended the Sheffer stroke to Hilbert algebras, defining the Sheffer stroke
Hilbert algebra and studying its various properties. In [5], they introduced the concepts
of a deductive system and filter for Sheffer stroke Hilbert algebras and explored their
fuzzification. Additionally, Oner et al. [6] presented the idea of an ideal in Sheffer stroke
Hilbert algebras and analyzed its properties.

The field of fuzzy logic, introduced by [15], broadens classical logic by incorporating
truth values that range continuously between 0 and 1, rather than being restricted to
binary true/false values. This flexibility makes fuzzy logic particularly useful in scenarios
involving uncertainty and imprecision. Integrating fuzzy logic with Hilbert algebras results
in the concept of fuzzy ideals, where the elements of an ideal can have varying degrees of
membership rather than being limited to crisp values. This extension offers a more refined
approach to analyzing the algebraic properties of Hilbert algebras [2].

A recent innovation in the theory of fuzzy ideals is the introduction of length-fuzzy
ideals. This concept enhances the classical definition of an ideal in Sheffer stroke Hilbert al-
gebras by associating a fuzzy function that measures the “length” or degree of membership
of elements within an ideal. This new perspective provides a more nuanced understanding
of the structure and behavior of these algebras, enriching the classical theory with elements
of fuzzy logic [8]. The application of length-fuzzy ideals allows for a more refined analysis
of ideals with fuzzy characteristics, enabling better modeling of systems with inherent
uncertainty or imprecision. By using fuzzy functions to measure membership degrees, this
approach is applicable in decision-making processes under ambiguity, the design of algo-
rithms for complex computations, and the study of structures in systems with incomplete
or vague data. Integrating fuzzy logic into classical theory not only deepens its theoretical
base but also extends its applicability to fields such as computer science, engineering, and
areas involving uncertain or imprecise information processing.

This paper examines the properties and characteristics of length-fuzzy ideals in Sheffer
stroke Hilbert algebras. By investigating these properties, the goal is to provide fresh per-
spectives on the theoretical foundation of Hilbert algebras and their potential applications
in fields such as logic, computer science, and beyond. The concepts of length fuzzy ideals
and mean fuzzy ideals are introduced in the context of Sheffer stroke Hilbert algebras, and
their properties are analyzed. The paper further explores the relationships between length
fuzzy ideals (and mean fuzzy ideals) and traditional ideals. Additionally, it discusses how
length fuzzy ideals (and mean fuzzy ideals) are related to upper and lower level subsets
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based on the length (or mean) of a fuzzy structure within Sheffer stroke Hilbert algebras.

2. Preliminaries

Sheffer stroke Hilbert algebras represent an important algebraic system in the study
of logic and lattice theory. These algebras are characterized by the inclusion of the Sheffer
stroke (NAND) operation, a fundamental logical connectives in Boolean algebra. By
extending classical Hilbert algebras with this operation, Sheffer stroke Hilbert algebras
provide a powerful framework for investigating logical structures, with applications in
fuzzy logic, decision-making, and computational theory. Their study enhances both the
theoretical understanding of algebraic systems and their practical applications in modeling
uncertainty and imprecision.

Definition 1. [13] The operation | in a groupoid A = (A,|) is referred to as the Sheffer
stroke or Sheffer operation if it satisfies the following condition: for all ¢,b,0 € A,

(S1) c¢|b = b]c,

(52) (c[e)[(c[b) = b,

(53) c[((b[0)|(b[0)) = ((c[b)[(c[b))]b,
(54) (c[((c[c)[(b]6)))[(c[((c[c)[(b]))) = c.

To improve the clarity of this manuscript on Sheffer stroke Hilbert algebras, we will
adopt the following notation throughout:

pl(alg) = p%.

Definition 2. [6] A Sheffer stroke Hilbert algebra (abbreviated SHA) refers to a groupoid
A = (A,|,0) equipped with a Sheffer stroke operation | and 0 is the fized element in A,
and it must satisfy the following conditions: for all p,q,t € A,

(1) (pl(@ eV (p") ) = p?,
@) pl=d=p=q

Proposition 1. [6] Let A = (A,[,0) be an SHA. Then the binary relation p < q if and
only if p7 =1 is a partial order on A.

Definition 3. [6] Let A = (A,[,0) be an SHA. A nonempty subset G of A is called an
ideal of A if for all p,q € A,

(1) 0 e G,
(2) preGandqe G = ped.



92

93

94

95

96

97

98

99

100

101

102

103

104

106

107

108

109

N. Rajesh, T. Oner, A. lampan, 1. Senturk / Eur. J. Pure Appl. Math, 18 (1) (2025), 5779 4 of 18

3. Length fuzzy ideals of Sheffer stroke Hilbert algebras

This paper introduces the concept of length fuzzy ideals in Sheffer stroke Hilbert
algebras and examines their associated properties. It establishes the connections between
length fuzzy ideals and conventional ideals. Furthermore, it explores the relationships
between length fuzzy ideals and the upper and lower level subsets of the length in an
interval-valued fuzzy structure within Sheffer stroke Hilbert algebras.

From now on, unless stated otherwise, we denote an SHA by A = (4, ],0).

Definition 4. A fuzzy structure (A, f) of A is defined as:

(1) a fuzzy ideal of A of type 1 (simply a 1-fuzzy ideal of A) if

(Vp € A)(f(0) > f(p)), (1)
(Vp,q € A)(f(p) = min{f(p7), f(q)})- (2)

(2) a fuzzy ideal of A of type 2 (simply a 2-fuzzy ideal of A) if

(Vp € A)(f(0) < F(p)); (3)
(Vp,q € A)(f(p) < min{f(p"), f(0)})- (4)

(3) a fuzzy ideal of A of type 3 (simply a 3-fuzzy ideal of A) if

(Vp € A)(£(0) > f(p)), (5)
(¥p,q € A)(f(p) > max{f(p%), f(a)}). (6)

(4) a fuzzy ideal of A of type 4 (simply a 4-fuzzy ideal of A) if

(Vp € A)(F(0) < (b)), (7)
(Vp, g € A)(f(p) < max{f(p?), f(a)}). (8)

Definition 5. [14] Given an interval-valued fuzzy structure (A, f) over A, we define a
fuzzy structure (A, f;) on A as follows:

.E : A — [07 1]7p = .]?Sup(p) - ]?inf(p)v

which is referred to as the length of f~

Definition 6. An interval-valued fuzzy structure (A, f) over A is referred to as a length
1-fuzzy (resp., 2-fuzzy, 3-fuzzy, 4-fuzzy) ideal of A if the fuzzy structure (A, f;) is a 1-fuzzy
(resp., 2-fuzzy, 3-fuzzy, 4-fuzzy) ideal of A.

Proposition 2. Given an interval-valued fuzzy structure (A, f) on A, the following state-
ments hold.
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(1) If (A, J) is a length k-fuzzy ideal of A for k € {1,3}, then
(Vp,a € A)(p < p = filp) > filp))-
(2) If (A, f) is a length k-fuzzy ideal of A for k € {2,4}, then

(Vp.a € A)(p < q= filp) < fila)).

Proof. Let p,q € A be such that p < q. If (A, f) is a length k-fuzzy ideal of A for
k€ {1,3}, then

and

filp)

filp)

v

I IA

min{zl(lﬂq)aﬁjl(q)}
rilin{fl(()% fila)}
fi(a)

maX{.f](pq)Lﬁ(Q)}
IBaX{fl(O)a fila)}
fi(g).

If (A, f) is a length k-fuzzy ideal of A for k € {2,4}, then

and

filp)

filp)

I 1v

I IA

min{]El(Pq)vNJ?l(CI)}
min{ f;(0), fi(q)}
fi(a)

max{ﬁ(pq),ﬁ(tﬂ}
IEIaX{fl(O)v fi(a)}
fi(g).

Theorem 1. For any interval-valued fuzzy structure (A, f) on A, the following assertions
are true:

(1) Ewvery length 3-fuzzy ideal of A is also a length 1-fuzzy ideal of A.

(2) Every length 2-fuzzy ideal of A is also a length 4-fuzzy ideal of A.

Proof. (1) Let (A, f) be a length 3-fuzzy ideal of A and p,q € A. Then

Filp) = max{7i(p%), fi(a)}

>

min{ f;(p?), fi(q)}.

Hence, (4, f) is a length 1-fuzzy ideal of A.

(2) Let (A4, f) be a length 2-fuzzy ideal of A and p,q € A. Then

fip) < min{fi(p"), fi(a)}

<

max{ f;(p?), fi(a)}.

Hence, (A, f) is a length 4-fuzzy ideal of A.
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Theorem 2. Given an ideal S of A and By, By € P([0,1]), let (A, f) be an interval-valued
fuzzy structure over A given by

By ifpes,
By otherwise.

f:+ A= P([0,1]);p — {

w2 (1) If By C By, then (A, f) is a length 1-fuzzy ideal of A.
124 (2) If By C By, then (A, f) is a length 4-fuzzy ideal of A.
Proof. If p € S, then f(p) = By and so
filp) = Faup(p) — Fint(p) = sup f(p) — inf f(p) = sup By — inf By.
If p ¢ S, then f(p) = B; and so

Filp) = foup(p) — Fint(p) = sup f(p) — inf f(p) = sup By — inf By.

125 (1) Assume that By C Bz. Then sup By — inf By > sup By — inf By. Since 0 € I,

f1(0) = fbup( ) = fine(0) = sup By — inf By > fi(p) for all p € A. B

127 Case 1: Let p9,q € S. Then fl(pq) = sup By — inf By and fi(q) = sup Bz — inf Bs.

128 Thus, mln{fl(pq) fl( )} = sup By — inf B. Since S is an ideal of A, p € S and so

120 fy(p) = sup By — inf By. Thus, fi(p) = sup By —inf By = mln{fl(pq) fi()}.

130 Case 2: Let p%,q ¢ S. Then fi(p?) = sup By — inf By and fl( ) = sup By — inf By, so

m min{f;(p9), fi(q)} = sup By — inf By. Thus, fl( ) >sup By —inf By = mln{fl(pq) fi()}.

132 Case 3: Let p? ¢ S and q € S. Then fi(p9) = sup By — inf By and fi(q) = sup By —_

1 inf By, somin{f;(p%), fi(q)} = sup By —inf By. Thus, fi(p) > sup Bi—inf By = min{f;(p7), fi(q)}.
134 Case 4: Let p? € S and q ¢ S. Then fi(p) = sup By — inf By and fi(q) = sup By —

135 inf By, so mm{fl(pq) f1(q)} = sup By—inf B;. Thus, fi(p) > sup By—inf By = min{f;(p?), fi(q)}.
136 Hence, f; is a 1-fuzzy ideal of A and so (A, f) is a length 1-fuzzy ideal of A.

137 (2) Assume that By C B;. Then sup By — inf By < sup By — inf By. Since 0 € I,

8 f( )= fsup( ) — fmf( )—SUPBz—lnfBQ<fl( ) for all p € A.

139 Case 1: Let p9,q € S. Then fl(pq) = sup Bs — inf By and fl( ) = sup By — inf Bs.

o Thus, max{f;(p?), fi(q)} = sup By — inf By. Since S is an ideal of A, € S and so

1 fi(p) = sup By — inf By. Thus, fi(p) = sup B — inf By = max{ f;(p%), fi(q)}

142 Case 2: Let p9,q ¢ S. Then fl(pq) = sup By —inf By and fi(q) = sup By — inf By, so

s max{ fi(p%), fi(q)} = sup By — inf By. Thus, fi(p ) < sup By — inf By = max{fi(p), fi(q)}.

144 Case 3: Let p? ¢ S and q € S. Then fi(p?)) = supB; — inf By and fi(q) =

s sup By — inf By, so max{ f;(p?), fl( )} = sup By — inf B;. Thus, fi(p) <sup B; —inf B; =

o mase{fy (%), (@)}

147 Case 4: Let p? € S and g ¢ S. Then fl(pq) = sup By — inf By and fl( ) =sup By — _

us inf By, so max{fl(pq) fi(q )} = sup By —inf B;. Thus, fi(p) < sup By—inf By = max{ f1(p?), fi(q)}.
149 Hence, f; is a 4-fuzzy ideal of A and so (A, f) is a length 4-fuzzy ideal of A.
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Definition 7. Let (A, f) be a fuzzy structure in A. For any t € [0, 1], the sets
Ulf,) ={p € A: f(p) > t},
L(f,) ={p e A: f(p) < t},

are called upper t-level subset and lower t-level subset of f, respectively.

Theorem 3. An interval-valued fuzzy structure (A, f) over A is a length 1-fuzzy ideal of
A if and only if the set U(f,t) is an ideal of A for all t € [0,1] with U(f,t) # 0.

Proof. Assume that an interval-valued fuzzy structure (4, f) over A is a length 1-fuzzy
ideal of A and let t € [0, 1] be such that U(f,t) is nonempty. Obviously, 0 € U(f,t). Let
p,q € A be such that p7 € U(f,t) and q € U(f,t). Then fi(p7) > t and fi(q) > t, which
imply from (2) that fi(p) > min{fi(p?), fi(q)} > t. Hence, p € U(f,t), and therefore

U(f,t) is an ideal of A.

Conversely, suppose that U( fl, t) is an ideal of A for all t € [0, 1] with U( fl, t) £ 0. If
£1(0) < fi(®) for some t € A, then ¢ ENU(fl,fl( )) and hence U(fi, fi(€)) is an ideal of A.
Thus, 0 € U(f1, fi(€)), and so fi(0) > fi(€). This is a contradiction, and thus f;(0 ) > filp)
for all p € A. Assume that there exist €1 € A such that 7 () < min{f;(&), fi(1)}.
Taking t = min{f;(€"), f;()} implies that ¢ € U(fl, t). Since U(fi,t) is an ideal of A,
a € U(f, t). Hence, f1(8) > t = min{f;(&"), (1)}, which is a contradiction. Hence,
fi(p) > min{ fi(p?), fi(q)} for all p,q € A. Therefore, (A, f) is a length 1-fuzzy ideal of A.

Corollary 1. If (A, f) is a length 3-fuzzy ideal of A, then the set U(:fvl,t) is an ideal of A
for all t € [0,1] with U(f;,t) # 0.

Proof. 1t is straightforward by Theorems 1 and 3.

Theorem 4. An interval-valued fuzzy structure (A, f) over A is a length 4-fuzzy ideal of
A if and only if the set L(fl, t) is an ideal of A for all t € [0, 1] with L(fl, t) # 0.

Proof. Assume that an interval-valued fuzzy structure (4, ]7) over A is a length 4-fuzzy
ideal of A and let t € [0,1] be such that L(f,t) is nonempty. Obviously, 0 € L(f,t). Let
p,q € A be such that p? € L(f,t) and q € L(f,t). Then fi(p?) < t and fi(q) < t, which
imply from (8) that fi(p) < min{fi(p%), fi(q)} < t. Hence, p € L(f,t), and therefore
L(f,t) is an ideal of A. N

Conversely, suppose that L(fl, t) is an ideal of A for all t € [0, 1] with L(f;,t) # 0. If
£1(0) > fi(&) for some € € A, then & € L(f1, fi(®)) and hence L(f}, fi(8)) is an ideal of A.
Thus, 0 € L(f;, fi(€)), and so f;(0) < f;(€). This is a contradiction, and thus ]i( ) < fl( )
for all p € A. Assume that there exist &1 € A such that fi(t ) > max{f;(¢"), fi(D}.
Taking t = max{f;( D), fi(1)} implies that & ENL(fl, t). Since L(f;,t) is an ideal of A,
t L(f1,4). Hence, fi(t) < t = max{f;(¥"), fi())}, which is a contradiction. Hence,
fi(p) < max{fi(p?), fi(q)} for all p,q € A. Therefore, (A, f) is a length 4-fuzzy ideal of A.
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Corollary 2. If (A, f) is a length 2-fuzzy ideal of A, then the set L(fl,t) is an ideal of A
for all t € [0,1] with L(f;,t) # 0.

Proof. 1t is straightforward by Theorems 1 and 4.

Theorem 5. If (A f) is an interval-valued fuzzy structure over A in which (A,ﬁnf) 18
constant and (A, fsup) is a 1-fuzzy ideal of A, then (A, f) is a length 1-fuzzy ideal of A.

Proof. Assume that (A, f) is an interval-valued fuzzy structure over A in which (A, finr)
is constant and (A, fsup) is a 1-fuzzy ideal of A. Let p,q € A. Since (A4, fmf) is constant,

fmf( ) = fmf( ) for all p € A. Since (A4, fsup) is a 1-fuzzy ideal of A,

(¥p € A)(faup(0) = foup(P)): 9)
(¥, € A)(foup(p) = min{ faup(p?), foup()})- (10)
Let p € A. Then B B B
fi(0) Fsup(0) = fint (0)

Foup(P) = Fut(p)

= (
2 ]isup(p) - finf((])
= (
= filp).

Let p,q € A. Then

Aip) = faup(®) = fint(p)
fsup(pfz flnf( )

2 min{isup(pq) fsup( )} _Nfinf(o) »

= min{faup(p?) — fmf( ); fsup(a) — fins (0)}
mln{fsup(pq) fmf( q)v fsup(q) - finf(q)}
min{fi(p%), fi(a)}.

Hence, (A, ]71) is a 1-fuzzy ideal of A, that is, (A4, f) is a length 1-fuzzy ideal of A.

Theorem 6. If (fl,f) is an interval-valued fuzzy structure over A in which (A,finf) is
constant and (A, feup) is a 4-fuzzy ideal of A, then (A, f) is a length 4-fuzzy ideal of A.

Proof. Assume that (A, f) is an interval-valued fuzzy structure over A in which (A, fmf)
is constant and (A fsup) is a 4-fuzzy ideal of A. Let p,q € A. Since (A4, fmf) is constant,
we have fmf( ) = fmf( ) for all p € A. Since (A4, fsup) is a 4-fuzzy ideal of A, we have

(¥ € A)(faup(0) < foup(P)): (11)
(¥, € A)(foup(p) < max{ foup(p?), frup(a)})- (12)
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Let p € A. Then B _ _
fl(o) féup O) - finf(o)

(

]isup(p) - ]Enf(o)
(
)

A

Ssup(p) = fint (p)
fi(p).

Let p,q € A. Then

fi(p) Jsup(p) = fint(p)

fSUp( ) fmf( ) _

max{fsup( ) fsup( )} Nfinf(o) _
max{]isup( q) _finf( ) fsup( ) flgf(o)}
max{ foup (%) = Fint(p), Foup (@) — Fine(a)}

max{]?l(pq),fl(cl)}-

Hence, (A, fl) is a 4-fuzzy ideal of A, that is, (A, f) is a length 4-fuzzy ideal of A.

A

Corollary 3. If (~A,f) is an interval-valued fuzzy structure over A in which (A, fint) is
constant and (A, feup) s a 2-fuzzy ideal of A, then (A, f) is a length 4-fuzzy ideal of A.

Proof. 1t is straightforward by Theorems 1 and 6.

Corollary 4. For j € {2,4}, every (2(3), j)-hyperfuzzy ideal of A is a length 4-fuzzy ideal.

Proof. 1t is straightforward by Theorem 6 and Corollary 3.

Theorem 7. If (A,f) is an interval-valued fuzzy structure over A in which (A, ﬁup) 18
constant and (A, fing) is a 4-fuzzy ideal of A, then (A, f) is a length 1-fuzzy ideal of A.

Proof.  Assume that (4, f) is an interval-valued fuzzy structure over A in which
(A, fsup) is constant and (A, fmf) is a 4-fuzzy ideal of A. Let p.qE A. Since (A, fsup) is
constant, we have fsup( ) = fsup( ) for all p € A. Since (A, fmf) is a 4-fuzzy ideal of A,
we have

(Vp € A)(finr(0) < finr(p)), (13)
(v,q € A)(fiur(p) < max{ finr(p?), finr(a)}). (14)

Let p € A. Then

fi(0) fup(0) = fint (0)
fsup(o) flnf(p)

fs p(P) — fint(p)
)-

IV

filp
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Let p,q € A. Then

fl(p) = éup(p) m()

Fon(©) — fusl®)
fsup(o) maX{flnf( ) flnf(q)} _
mln{fbup( ) flnf(pq) fsup(o) - f{l}f(q)}
mm{isup( ) flnf(pq) fsup(CI) — fint(q)}
min{ fy(p"), fi(a)}-

Hence, (A, fl) is a 1-fuzzy ideal of A, that is, (A, f) is a length 1-fuzzy ideal of A.

IAVART

Corollary 5. If (A f) is an interval-valued fuzzy structure over A in which (A, fsup) is
constant and (A, fmf) is a 2-fuzzy ideal of A, then (A, f) is a length 1-fuzzy ideal of A.

Proof. 1t is straightforward by Theorems 1 and 7.

Corollary 6. Fori € {2,4}, every (i,2(3))-hyperfuzzy ideal of A is a length 1-fuzzy ideal.
Proof. 1t is straightforward by Theorem 7 and Corollary 5.

Theorem 8. If (A,]?) is an interval-valued fuzzy structure over A in which (A, f;up) is

constant and (A, fint) is a 1-fuzzy ideal of A, then (A, f) is a length 4-fuzzy ideal of A.

Proof.  Assume that (A, f) is an interval-valued fuzzy structure over A in which
(A, fsup) is constant and (A, fmf) is a 1-fuzzy ideal of A. Let p,q € A. Since (A, fsup) is

constant, we have fsup( ) = fsup( ) for all p € A. Since (A, fmf) is a 1-fuzzy ideal of A,
we have

(Vp € A)(fnr(0) > fins(p)), (15)
(Vp qc A)(flnf( ) > mln{fmf( )7ﬁnf(q)}) (16)
Let p € A. Then

fl(o) = éup(o) flnf(o)
S ]isup(o) fmf (p)
= fsup(p) = fint(p)
= filp).

Let p,q € A. Then

fl(p) = éup( ) fm( )

f;sup( ) ( )

Jfup(0) — mm{fplnf( ", fint(@)}

max{ foup(0) — S (0. Faup (0) — Fing (@)}
max{]isup( )V_ finf(pq)7 fsup(qq) - finf(q)}
max{ f;(p7), fi(a)}-

Hence, (A, f;) is a 4-fuzzy ideal of A, that is, (A, f) is a length 4-fuzzy ideal of A.

A
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4. Mean fuzzy ideals of Sheffer stroke Hilbert algebras

In this section, we introduce the concept of the mean of an interval-valued fuzzy
structure within Sheffer stroke Hilbert algebras. We also define the notion of mean fuzzy
ideals in these algebras and investigate their related properties. Furthermore, we establish
the relationships between mean fuzzy ideals and traditional fuzzy ideals.

Definition 8. [14] Given an interval-valued fuzzy structure (A, f) over A, we define a
fuzzy structure (A, f,) in A as follows:

f;up (p) + fmf(p)

fm: A= 10, 15p 5 ,

which is called the mean of ]7

Definition 9. An interval-valued fuzzy structure (A, f) over A is called a mean 1-fuzzy
(resp., 2-fuzzy, 3-fuzzy and 4-fuzzy) ideal of A if the fuzzy structure (A, fn,) is a 1-fuzzy
(resp., 2-fuzzy, 3-fuzzy and 4-fuzzy) ideal of A.

Proposition 3. If (A, ]?) is a mean k-fuzzy ideal of A for k =1,3, then
(¥p € A)(fm(0) > fn(p))-
Proof. Let (A, f) be a mean k-fuzzy ideal of A for k = 1,3 and p € A. Then

Foup(0) + Fint (0)
- 2
fsup(p) + finf(p)

- 2
= fm(p)

fm(o) =

Proposition 4. If (A, f) is a mean k-fuzzy ideal of A for k = 2,4, then
(¥p € A)(fn(0) < fin(p))-
Proof. Let (A, f) be a mean k-fuzzy ideal of A for k = 2,4 and p € A. Then

J?sup(o) + ﬁnf(o)
- 2
fsup(p) + finf(p)

- 2
= fm(p)

fm(o) =

Theorem 9. Every mean 3-fuzzy ideal of A is a mean 1-fuzzy ideal of A.
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Proof. Let (A, f) be a mean 3-fuzzy ideal of A and p,q € A. Then

()

Foup(P) + fint (p)
~ 2
fsu;(p) + flnf2(p)
max { fsup2<pq)7 fsuI;(CI) } 1 max { finfz(pq)7 finf2(q) }
T AN } '\ min {ﬁnf<pq> f;nf(q>}
2 T2 2 72
i [ T (09 + Fiur(0) Frup(0) +f;nf<q>}
2 ’ 2

min{fm(Pq),fm(q)}‘

Hence, (A, f) is a mean 1-fuzzy ideal of A.

Theorem 10. Every mean 2-fuzzy ideal of A is a mean 4-fuzzy ideal of A.

Proof. Let (A, f) be a mean 2-fuzzy ideal of A and p,q € A. Then

()

Foup(P) + fint (p)
~ 2
fsug(p) +finf2(p)
min J?sup(pq) J?sup(q) + min ﬁnf(pq) };nf(q)
2 72 2 72
[ B ﬁupm)}max {ﬁnf<pq> fmf@}
2 T2 2 72
e ] T () + Fir(0) Fop (@) +ﬁnf<q>}
2 ’ 2

max{fm(pq),fm(q)}-

Hence, (A, f) is a mean 4-fuzzy ideal of A.

Theorem 11. Mean 2-fuzzy ideal and mean 3-fuzzy ideal of A coincide.

Proof. 1t is straightforward by Theorems 9 and 10.

Theorem 12. Given an ideal S of A and By, By € P([0,1]), let (A, f) be an interval-

valued fuzzy structure over A given by

Bs, pr es
B1, otherwise.

f: A= P(0,1)):p — {
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s (1) If sup By > sup By and inf By > inf By, then (A, f~') is a mean 1-fuzzy ideal of A.
20 (2) Ifsup By < sup By and inf By < inf By, then (A, f) is a mean 4-fuzzy ideal of A.

Proof. If p € S, then f(p) = By and so

= Jeup(®) + fint(p) _ sup f(p) +inf f(p)  sup By + inf By
Jm(p) = 5 = 5 = 5 :

If p ¢S, then f(p) = B; and so

= Jeaup®) + fine(p)  sup f(p) +inf f(p)  sup By + inf B
Jm(p) = 5 = 5 = 5 :

(1) Assume that sup By > sup B; and inf By > inf B;. Then
sup By + inf Bo -, Sup B; + inf By
2 - 2 '

By +inf B By +inf B
sup b2 + In zandfm(q)zsup 2+ 1n 2'
2 2
. Since S is an ideal of A, we have p € .S and

Thus, Fu(p) = 2P i 7 1), (@),

B; +inf B ~ B; +inf B
sup o1 +1n 1andfm(q)zsup 1;111 1,so
sup By + inf B L ~
B = min{ fr, (p?), frn(q)}-
sup By + inf By

250 Case 1: Let p9,q € S. Then fm(pq) =

1 Thus, min{fm(pq)7 fm(q)} _ Sup By + inf By

~ By + inf B
0 Ty = 2B

253 Case 2: Let p%, q ¢ S. Then f,,(p?) =

L~ ~ sup B; +inf B
254 mln{fm(pq)7fm<q)}: P 12 -
255

2!

o1

. Thus, fm(p) >

256 Case 3: Let p* ¢ S and q € S. Then fm(pq) = and J?m(q) =
- sup Bo ;— inf Bg7 © min{fm(p"),fm(q)} _ sup By ;— inf Bl. Thus, fm(p) > sup B; ;— inf B _
258 min{fm(pq),fm(q)}.

259

260 Case 4: Let p% € S and q ¢ S. Then f,(p9) = sup By + inf By and fin(q) =
. sup By ;—inf B; 5o min{fm(pq),fm(q)} _ sup By ;— inf Bl. Thus, fm(P) > sup By ;— inf By _

21

=
R

min{fm(pq)Lfm(q)}- _
263 Hence, f, is a 1-fuzzy ideal of A and so (A, f) is a mean 1-fuzzy ideal of A.
(2) Assume that sup By < sup B; and inf By < inf B;. Then
sup By + inf Bo < Sup B; +inf By
2 - 2 '
B inf B ~ B inf B
sup 2;—111 zandfm(q)zsuP 2;—1n 2’

. Since S is an ideal of A, we have p € S and so

= max{fm(pq),fm(q)}-

264 Case 1: Let p9,q € S. Then fm(pq) =

265 SO max{fm<pq)7 fm(q)} _ sup By + inf By

sup By + inf By _ sup Bs +inf By

266 fm(p) = 5 . Thus, fm(p) = 2
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sup By + inf B; sup By + inf B;

and fm(q) = 5 , SO
sup By + inf By

Case 2: Let p%,q ¢ S. Then fm(Pq) =

- - inf
max{ (), Fn(q)} = 2P SN

Case 3: Let p% ¢ S and q € S. Then f,(p9) =
sup By —i—meg7 o max{fm(pq),fm(q)} _ sup B; + inf By

. Thus, fn(p) <
sup By + inf By

and fin(q) =
. Thus, fm(p) <

sup B; + inf By

L2 - 2
max{ fn (7)), fm(a)}- B ini B
Case 4: Let p? € S and q ¢ S. Then fm(pq) _ P zg-ln 2 and fm(q) =

2

sup By + inf 31 ~ ~ sup By + inf By sup By + inf By

max{ fon (p"), fm( )}-
Hence, f,, is a 4-fuzzy ideal of A and so (A, f ) is a mean 4-fuzzy ideal of A.

. Thus, ]?m(p) <

Theorem 13. An interval-valued fuzzy structure (A, fm) over A is a mean 1-fuzzy ideal
of A if and only if the set U(fm,t) is an ideal of A for all t € [0,1] with U(fm,t) # 0.

Proof. Assume that an interval-valued fuzzy structure (A, fm) over A is a mean 1-fuzzy
ideal of A and let t € [0,1] be such that U(fm,t) is nonempty. Obviously, 0 € U(fm,1).
Let p,q € A be such that p? € U(fim,t) and q € U(fm,t). Then fr,(p?) > tand fin(q) > t,
which imply from (2) that fu,(p) > min{fn(p%), fm(q)} > t. Hence, p € U(fm,t), and
therefore U( fy,t) is an ideal of A.

_Conversely, suppose that U(fm,t) is an ideal of A for all t € [0, 1] with U( Fmr ) # 0.
If f,,(0) < fin(€) for some € € A, then ¢ € U(fm,fm( )) and hence U(fm, fm(8)) is an
ideal of A. Thus, 0 € U(fm,fm( )), and so fn(0) > fn(8). This is a contradiction,
and thus f;,,(0) > fm( ) for all p € A. Assume that there exist €[ € A such that
Sm(®) < min{fn (8, firn(1)}. Taking t = mm{fm( fm (D) ()} implies that € € U(f t). Since
U(fm,t) is an ideal of A, we have ¢ € U(f,1). NHenceme( ) > t = min{ (&), fm(e)},
which is a contradiction. Hence, fy,(p) > min{ f,,(p%), fin(q)} for all p,q € A. Therefore,
(A, fin) is a mean 1-fuzzy ideal of A.

Corollary 7. If (4, f) is a mean 3-fuzzy ideal of A, then U(fm,t) is an ideal of A for all
t € [0,1] with U(fm,t) # 0.

Proof. 1t is straightforward by Theorems 9 and 13.

Theorem 14. An interval-valued fuzzy structure (A, .]?) over A is a mean 4-fuzzy ideal of
A if and only if the set L(fm,t) is an ideal of A for all t € [0,1] with L(fm,t) # 0.

Proof. Assume that an interval-valued fuzzy structure (A, fm) over A is a mean 4-fuzzy
ideal of A and let t € [0,1] be such that L(f,,t) is nonempty. Obviously, 0 € L(fm,t).
Let p,q € A be such that p? € L(fm,t) and g € L(fm,t). Then fp,(p%) < tand f,(q) < t,
which imply from (8) that fy,(p) < max{fmn(p?), fm(q)} <t Hence, p € L(fi,t), and

therefore L(fp,,t) is an ideal of A.

= max{fm(pq),fm(q)}-
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_Conversely, suppose that L(fm, 1) is an ideal of A for all t € [0,1] with L(fm, t) # 0.
If f,(0) > fm(€) for some & € A, then € € L(fm, fm(t)) and hence L(fy, fm(€)) is an
ideal of A. Thus, 0 € L(fm, fm(¥)), and so f,,(0) < fn(€). This is a contradiction, and
thus f,(0) < fiu(p) for all p € A. Assume that there exist £,[ € A such that fm( ) >
max{ fm(¢)), (1)}, Taking t = max{f,(¥"), fin(1)} implies that € € L(fm,t). Since
L(fm,t) is an ideal of A, we have t € L(fm,t). Hence, f(8) < t = max{ f,, (&), fm(D},
which is a contradiction. Hence, Fm(p) < max{fm(p), frm(q)} for all p,q € A. Therefore,
(A, fin) is a mean 4-fuzzy ideal of A.

Corollary 8. If (A, f) is a mean 2-fuzzy ideal of A, then L(fm,t) is an ideal of A for all
t € [0,1] with L(fm,t) # 0.

Proof. 1t is straightforward by Theorems 1 and 14.

Theorem 15. If (4, f) is an interval-valued fuzzy structure over A in which (A, fmf) is
constant and (A, fsup) is a 1-fuzzy ideal of A, then (A, f) is a mean 1-fuzzy ideal of A.

Proof. Assume that (4, f) is an interval-valued fuzzy structure over A in which (A, finr)
is constant and (A, fsup) is a 1-fuzzy ideal of A. Let p,q € A. Since (A, fin) is constant,

we have fur(p ) = fint (0 0) for all p € A. Since (4, faup) is a 1-fuzzy ideal of A, we have
Fup(p) > min{ faup(p), foup(q)}. Thus,

Flp) = fsup(p) ;L fint(P)
— f;u (p) ﬁnf(())
= ; ~+ 5 ) i
> min fsup2(pq) + fln;(q)} + fln;(O)
— mi fsupQ(pq) + finf2(0)7 fsug(CI) n fian(O)
_ oin ] Fon®) + Fi(0) Foup(8) + Fine(a)
2 ’ 9

= min{fn(p?), fru(q)}-

Hence, (A, fm) is a 1-fuzzy ideal of A, that is, (A4, f) is a mean 1-fuzzy ideal of A.

Theorem 16. If (4, ]?) is an interval-valued fuzzy structure over A in which (A,ﬁnf) is
constant and (A, foup) is a 4-fuzzy ideal of A, then (A, f) is a mean 4-fuzzy ideal of A.

Proof. Assume that (A, f) is an interval-valued fuzzy structure over A in which (A4, finf)
is constant and (A, feup) is a 4-fuzzy ideal of A. Let p,q € A. Since (A, finf) is constant,
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we have finf(p) = finf(()) for all p € A. Since (A, f";up) is a 4-fuzzy ideal of A, we have

J?sup(P) < max{fsup(p), J?sup(CI)}- Thus,

Fnlp) = fsup(p) ;' Jint(p)
_ Jow®) | fr(0)
= 12) ~_|_ > ~
> min fsup2(pq) + flnf2(CI)} + flan(O)
— min fsup2(pq) + finf2(0>’ fsu;(q) + fmf2(0)

fsup(pq) + .}Tinf(pq) f;up(q) + ﬁnf(q)

= min ,

2
= min{fn(p?), fm(q)}.

Hence, (A, fm) is a 4-fuzzy ideal of A, that is, (A, f) is a mean 4-fuzzy ideal of A.

Theorem 17. If (A, f) is an interval-valued fuzzy structure over A in which (A, fsup) is
constant and (A, fing) is a 4-fuzzy ideal of A, then (A, f) is a mean 4-fuzzy ideal of A.

Proof. Assume that (A, f) is an interval-valued fuzzy structure over A in which
(A, fsup) is constant and (A, fmf) is a 4-fuzzy ideal of A. Let RILES A. Since (A, fsup) is

constant, we have fsup( ) =
we have finf(p) < max{finf(p)a finf(q)}' ThllS,

Foup(P) + fint (p)
- 2
fsup(o) + finf(p)

- 2 _
fsup(o) + finf(p)

2 2

fm(p) =

£ 7
< fsu;(0)+max JcsuplJ flnf }

— max fsug() f1nf2(pq fsug + 1nf2 )}
i d L)+ Fint(0) Frup(9) + Fine(a >}
2 )

= max{fn(p?), fm(0)}.

fsup( ) for all p € A. Since (A, fmf) is a 4-fuzzy ideal of A,
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Theorem 18. If (A, ]7) is an interval-valued fuzzy structure over A in which (A, f";up) is
constant and (A, fing) is a 1-fuzzy ideal of A, then (A, f) is a mean 1-fuzzy ideal of A.

Proof. Assume that (A4, f) is an interval-valued fuzzy structure over A in which
(A, foup) is constant and (A, finf) is a 1-fuzzy ideal of A. Let p,q € A. Since (A4, fsup) is
constant, we have foup(p) = foup(0) for all p € A. Since (A4, fine) is a 1-fuzzy ideal of A,

we obtain finr(p) > min{ fine(p), finc(q)}. Thus,

]?m(p) _ fSup(p);finf(p)
_ fsup(0)+finf(p)
. 2
_ .]:éug(o)+f1nf2(p)~ )
- fsup(0)+min finf(pq)’finf(q)}
- 2 2 2
- {fsupm) () Fuup(0) fsupm)}
2 2 ’ 2 2
- Faup(0) + Feup (") Feup(0) +f;up<q>}
2 ’ 2

= min{fn(d?), fm(q)}-

Hence, (A, fm) is a 1-fuzzy ideal of A, that is, (A, f) is a mean 1-fuzzy ideal of A.

5. Conclusion

This study extends the theoretical foundation of Sheffer stroke Hilbert algebras by
introducing and analyzing the notions of length fuzzy ideals and mean fuzzy ideals within
an interval-valued fuzzy structure. By defining these concepts, the research provides a
more nuanced understanding of fuzzy logic applications in algebraic structures, empha-
sizing the relationships between fuzzy ideals and traditional ideals. The characterizations
and properties of length fuzzy ideals and mean fuzzy ideals demonstrate their alignment
with upper and lower level subsets, offering a framework to explore the gradations of
membership functions. Furthermore, the findings highlight the potential of these fuzzy
constructs in bridging algebraic theory with practical applications in logic, computer sci-
ence, and uncertainty modeling. Future studies could investigate the applicability of these
ideas in more complex fuzzy systems or extend the analysis to other algebraic frameworks,
broadening the impact and utility of these innovative concepts.
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