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Abstract. In this paper, we use the induced mappings to obtain some new characterizations of
open fuzzy mappings in connection with closures and closed fuzzy mappings in connection with
interiors of fuzzy sets. We also investigate another representation of open fuzzy and closed fuzzy
mappings under surjective mappings. Furthermore, we prove that images of saturated fuzzy sets
under surjective open fuzzy and closed fuzzy mappings are closed fuzzy and open fuzzy sets,
respectively. We furnish illustrative examples to elucidate the displayed results.

2020 Mathematics Subject Classifications: 54A40, 03E72, 54C05, 94D05
Key Words and Phrases: Fuzzy set, Fuzzy topological space, Open fuzzy mapping, Closed
fuzzy mapping, Induced mapping

1. Introduction

In [30], Zadeh initiated the essential principle of fuzzy units and set up the pillar of
fuzzy mathematics. This theory has extreme potential for packages in various directions
[24, 25]. After introducing the theory of fuzzy topological spaces (FTSs, in short) in
[17], Chang introduced the notion of fuzzy continuous mapping alongside its character-
izations. Afterwards, several authors worked on the fuzzification of numerous classical
notions related to topology [1, 2, 14, 15, 26] and its generalizations [11, 27, 28]. Inter-
est in topological studies and their practical applications has grown recently, particularly
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after realizing that certain abstract topological concepts can be applied to solve real-life
problems. For example:

• The studies in [7, 10, 19] utilized certain extended forms of open subsets, including
somewhat dense, somewhere dense, and θβ-open subsets, to analyze information
systems described by rough approximation operators.

• Various separation axioms were examined and applied in [8, 9, 18] to select the
optimal tourism program and determine the appropriate nutrition system for indi-
viduals.

• The concepts of compactness and connectedness were exploited in [6, 13] for optimal
selection and to investigate the fixed point theorem.

In 1974, Wong [29] described open fuzzy and closed fuzzy mappings, and few charac-
terizations of those mappings were observed in [22], whereas, in 1984 [23], a few additional
characterizations of open fuzzy and closed fuzzy mappings were investigated. Open fuzzy
mappings offer a logical extension for addressing uncertainties and ambiguities inherent
in real-world applications, much as open mappings are vital in classical set theory. One of
the key properties of open fuzzy mappings is that they preserve the structure of open fuzzy
sets. Open fuzzy mappings can also be characterized using the fuzzy interior operator.
Similarly, closed fuzzy mappings also play a significant role in advancing our understand-
ing of uncertainty modeling and reasoning which is characterized in terms of fuzzy closure
operator.

Our motive in this study is to find more characterizations of open fuzzy and closed
fuzzy mappings in terms of fuzzy closure operator and fuzzy interior operator, respectively.
For this, we make use of induced mappings which are essential in the observation of many
spaces in topology. As well-known, any type of structure or application of an operator to
a mapping can deliver upward thrust to useful induced mappings. In view of an induced
mapping ψ# : V → W given by ψ#(U) = {w ∈ W |ψ−1(w) ⊆ U} for any subset U of V
introduced Arkhangel’skii in [16], Kaur and Goyal introduced the #-image of a fuzzy set
(F -set, in short) to define a useful induced mapping ψ# in [21] together with its properties.
With this induced mapping ψ#, they presented a new sight of reading bluecontinuous fuzzy
mappings and their characterizations. This indicates the possibility of describing open
fuzzy and closed fuzzy mappings in connection with this induced mapping which further
helps us to find their new representations in terms of the fuzzy closure operator and fuzzy
interior operator, respectively. To complete the literature review presentation, we draw
the readers’ attention to the fact that the proposed technique of describing mappings via
a soft framework was studied in [12, 20].

In this study, some new characterizations of open fuzzy and closed fuzzy mappings
and the use of induced mapping ψ# are discussed. We describe the open fuzzy mappings
in recognition of induced mapping of closed fuzzy sets rather than already proven results
of open fuzzy mappings in regards to interiors. A few characterizations of these mappings
are also taken into consideration in the use of saturated fuzzy sets.
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2. Preliminaries

Throughout this study, V = {vi : i ∈ I} refers to a space of points and a function µE is
the membership function for any F -set E. An F -set A in V is represented by a membership
function µA from V to [0, 1] that associates every v in V with its ”Membership grade”
µA(v) in [0, 1].

Chang has discussed some basic definitions and related results of the F -set theory, fuzzy
topologies, and fuzzy mappings in [17]. Therefore, we recall some other useful definitions
related to induced mapping ψ#, open fuzzy mapping, and closed fuzzy mapping which
we shall use in the results investigated through this content. We begin with definitions of
FTS, interior, and closure of an F -set.

Definition 1. [17] A family T of F -sets in V is said to be a fuzzy topology if it satisfies
following conditions:

(a) ϕ, V ∈ T .

(b) If A,B ∈ T , then A ∩B ∈ T .

(c) If Ai ∈ T for each i ∈ I, then ∪Ai ∈ T .

Every member of T is called a T -open F -set and the pair (V, T ) is known as FTS. Also
an F -set is named T -closed if and only if its complement is a T -open F -set.

Definition 2. [26] Let (V, T ) be FTS and M be any F -set in V . Then:

(i) Interior of M is described as the union of all T -open F -sets contained in M , indicated
by Ao. Equivalently, Mo is the largest T -open F -set contained in M and (Mo)o =
Mo.

(ii) Closure of M is described as the intersection of all T -closed F -sets containing M ,

indicated by M . Clearly, M is the smallest T -closed F -set containing M and M =
M .

Theorem 1. [26] In any FTS (V, T ), (E)c = (Ec)o and so Ec = (Eo)c, for any fuzzy
subset E of V .

Definition 3. [17] Let ψ : V −→ W be a mapping. Then, for F -subsets H of V and G
of W , we have:

(a) ψ(H) is an F -subset ofW given as ψ(H)(w) = sup{H(u) : u ∈ ψ−1(w)} if ψ−1(w) ̸=
∅ and ψ(H)(w) = 0 if ψ−1(w) = ∅.

(b) ψ−1(G) is an F -subset of U given as ψ−1(G)(u) = G(ψ(u)) for every u ∈ U .

Theorem 2. [17] Let ψ be a mapping from a set V into a setW . Then for every F -subsets
M and N of V and F -subsets K and L of W we have:
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(i) ψ(M) ⊆ ψ(N) if M ⊆ N .

(ii) ψ−1(K) ⊆ ψ−1(L) if K ⊆ L.

(iii) M ⊆ ψ−1(ψ(M)), equality holds if ψ is one-one.

(iv) ψ(ψ−1(K)) ⊆ K, equality holds if ψ is onto.

(v) ψ−1(Kc) = (ψ−1(K))c.

(vi) (ψ(M))c ⊆ ψ(M c).

Definition 4. [29] Let ψ be a mapping from an FTS (V, T 1) to an FTS (W,T 2). Then,
ψ is named an open fuzzy (resp., a closed fuzzy) mapping if and only if ψ(B) is an open
(resp., a closed) F -set in (W,T 2), for every open (resp., closed) F -set B in (V, T 1).

Theorem 3. [23] Let ψ be a mapping from an FTS (V, T 1) to an FTS (W,T 2). Then,
for any F -sets M in V and N in W , the following statements are equivalent.

(1) ψ is open fuzzy mapping.

(2) ψ(M◦) ⊆ (ψ(M))◦.

(3) ψ−1(N) ⊆ ψ−1(N).

(4) (ψ−1(N))◦ ⊆ ψ−1(N◦).

Theorem 4. [22] Let ψ be a mapping from an FTS (V, T 1) to an FTS (W,T 2). Then, ψ
is a closed fuzzy mapping iff ψ(M) ⊆ ψ(M) for every F -set M in V .

Kaur and Goyal introduced the # image of an F -set in [21] to define an induced
mapping ψ# : Gz(V ) → Gz(W ) associated to any mapping ψ : V → W where V and W
are crisp sets and Gz(V ) and Gz(W ) are the collections of all fuzzy subsets of V and W ,
respectively.

Definition 5. [21] The # image of an F -set M in V with membership function µM (v),
written as ψ#(M), is an F -set in W with a membership function defined as

µψ#(M)(w) =

{
infz∈ψ−1(w) µM (z) if ψ−1(w) ̸= ∅
1 otherwise

Definition 6. [21] An F -set M# in V is defined as M# = ψ−1(ψ#(M)) with membership
mapping as

µM#(v) = µψ−1(ψ#(M))(v) = µψ#(M)(ψ(v))

Few properties of ψ# mapping are given by the lemma below.

Lemma 1. [21] Let ψ : V → W be any mapping and M , N be fuzzy subsets of V and U
be a fuzzy subset of W . Then:
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(a) (ψ#(M)) ⊆ (ψ#(N)) if M ⊆ N .

(b) ψ−1(ψ#(M)) ⊆M i.e. M# ⊆M .

(c) U ⊆ ψ#(ψ−1(U)) and equality holds if ψ is onto.

(d) ψ(M#) = ψ#(M) ∩ ψ(V ).

(e) ψ#(M ∩N) = ψ#(M) ∩ ψ#(N).

(f) ψ#(ψ) = (ψ(V ))c and ψ#(V ) =W .

(g) ψ(M#) = ψ#(M) ∩ ψ(M).

(h) ψ#(ψ−1(ψ#(M))) = ψ#(M#) = ψ#(M).

(i) ψ−1(ψ#(ψ−1(U))) = ψ−1(U).

3. Characterizations of Open Fuzzy Mappings

In this section, we study some new representations of open fuzzy mappings which
provides valuable insights into the properties and behavior of these mappings. We begin
with a characterization of the open fuzzy mapping using induced mapping ψ# for which
we make use of the following lemma on the properties of the #-image of an F -set M in
V .

Lemma 2. [21] Let ψ : V →W be any mapping, M and U be any fuzzy subsets of V and
W , respectively. Then:

(a) ψ−1(U) ⊆M iff U ⊆ ψ#(M).

(b) ψ#(M c) = (ψ(M))c and so ψ#(M) = (ψ(M c))c and ψ(M) = (ψ#(M c))c.

Theorem 5. Let ψ : V → W where V , W be spaces of points. Then, ψ is an open fuzzy
mapping if and only if

ψ#(M) ⊆ ψ#(M) for every subset M of V.

Proof. Let ψ be an open fuzzy mapping and M be a subset of V . By Lemma 2 and
Theorem 1, we get

ψ#(M) = (ψ(M c)c

and (ψ(M c))c = ((ψ(M c))◦)c

Since ψ is an open fuzzy mapping, then by Theorem 3 (2), ((ψ(M c))◦)c ⊆ (ψ((M c)◦)c.

Therefore, ψ#(M) ⊆ (ψ((M c)◦))c = ((ψ(M)c))c. Again, by Lemma 2 (b), (ψ(M)c)c =

ψ#(M). Hence, ψ#(M) ⊆ ψ#(M).
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Conversely, let G be any open fuzzy subset of V . Then by assumption, ψ#(Gc) ⊆ ψ#(Gc)

we obtain ψ#(Gc) ⊆ ψ#(Gc) since Gc is a closed fuzzy subset of V . This further implies
that ψ#(Gc) is a closed fuzzy subset of W and hence, (ψ#(Gc))c is an open fuzzy set.
Therefore, by Lemma 2 (b), (ψ#(Gc))c = ψ(G) is an open fuzzy subset of W . Hence, ψ is
an open fuzzy mapping.

In the next theorem, we discuss another characterization of the open fuzzy mapping
in terms of closed fuzzy subsets.

Theorem 6. Let ψ be a mapping from V to W . Then, ψ is an open fuzzy mapping if and
only if for each closed fuzzy subset G of V , ψ#(G) is a closed fuzzy subset of W .

Proof. The necessity of the condition follows from Theorem 5.
Conversely, let O be an open fuzzy subset of V . Then by assumption, ψ#(Oc) is a closed
fuzzy set in W . But by Lemma 2 (b), ψ#(Oc) = ψ(O)c. Therefore, ψ(O)c is a closed
fuzzy set in W , and hence, ψ(O) is an open fuzzy set in W , which proves ψ is an open
fuzzy mapping.

blueAs an instance of the above theorem, we have the following example which shows
that if for any closed fuzzy subset G of V , ψ#(G) is not a closed fuzzy subset of W then
ψ is not an open fuzzy mapping.

Example 1. Let V = [0, 1], consider the F -sets M,N,P with membership functions given
by

µM (v) =

{
2v if 0 ≤ v ≤ 1/2

1/2 if 1/2 < v ≤ 1

µN (v) =


1/2 if 0 ≤ v < 1/4

2v if 1/4 ≤ v ≤ 1/2

0 if 1/2 < v ≤ 1

µP (v) =

{
1 if 0 ≤ v ≤ 1/2

0 if 1/2 < v ≤ 1

Let T1 = {∅, V,M} be a fuzzy topology on V and ψ : (V, T1) → V (T1) be a fuzzy mapping
defined by

ψ(v) =

{
v if 0 ≤ v ≤ 1/2

1− v if 1/2 < v ≤ 1

Clearly, ψ(M) = N and ψ(V ) = P . Since M and V are open fuzzy subsets of V
but their fuzzy images, N and P are not open fuzzy subsets of V , ψ is not an open fuzzy
mapping. On the other hand, let Q be a closed fuzzy set in (V, T1) defined by a membership
function

µQ(v) =

{
1− 2v if 0 ≤ v ≤ 1/2

1/2 if 1/2 < v ≤ 1
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then #-image of Q, ψ#(Q) will be an F -set defined by the membership function

µQ(v) =

{
1− 2v if 0 ≤ v ≤ 1/2

1− v if 1/2 < v ≤ 1

which is not a closed fuzzy subset of V .

The following theorem gives another characterization of open fuzzy mappings for a
surjective mapping ψ : V →W in connection with the closed fuzzy subsets of V .

Theorem 7. Let ψ : V →W be a surjective mapping. Then ψ is an open fuzzy mapping
if and only if for every closed fuzzy subset G of V , ψ(G#) is a closed fuzzy set in W .

Proof. Assume ψ(G#) is a closed fuzzy subset of W for every closed fuzzy subset G
of V . Now, since ψ is surjective mapping, ψ−1(v) ̸= ∅ for every v ∈ V then, µψ(G#)(v) =
supz∈ψ−1(v) µG#(z) = supz∈ψ−1(v) µψ−1(ψ#(G))(z) = supz∈ψ−1(v) µψ#(G)(ψ(z)) = µψ#(G)(v)

which gives ψ#(G) is a closed fuzzy subset of W . Hence, by Theorem 6, ψ is an open
fuzzy mapping. The Converse part is obvious by using the same argument that ψ(E#) =
ψ#(E) and Theorem 6.

In the final result about open fuzzy mappings, we see that images of saturated closed
fuzzy sets under surjective open fuzzy mappings are closed fuzzy sets. Firstly, we recall
the definition of a saturated fuzzy set and a remark to use in the final corollary.

Definition 7. [21] A fuzzy subset M of V is said to be a saturated fuzzy subset of V if
M = ψ−1(U) for a fuzzy subset U of W i.e. µM (v) = µψ−1(U)(v) for each v ∈ V .

Remark 1. For any mapping ψ : V → W , M# is saturated fuzzy for each fuzzy subset
M of V , since, ψ−1(ψ(M#)) = ψ−1(ψ(ψ−1(ψ#(M)))) = ψ−1(ψ#(M)) =M#.

Theorem 8. Let ψ : V → W be an open fuzzy and surjective mapping. Then ψ(M) is
a closed fuzzy set in W for every saturated closed fuzzy subset M of V . Particularly, for
any F -set N , if N# is a closed fuzzy set in V , then ψ(N#) is a closed fuzzy set in W .

Proof. Let ψ : V →W be an open fuzzy and surjective mapping andM be a saturated
closed fuzzy subset of V . Then, by Theorem 7, ψ(M#) is a closed fuzzy in W . Now,
since M is a saturated fuzzy set, we have, µM#(u) = µψ−1(ψ#(M))(u) = µψ#(M)(ψ(u)) =

infz∈ψ−1(ψ(u)) µM (z) = µM (u) which gives M# =M , and which further implies ψ(M#) =
ψ(M) is a closed fuzzy in W . Hence, we prove the desired result.

From the above theorem, we get the following corollary.

Corollary 1. Let ψ : V → W be an open fuzzy and surjective mapping. Then, for any
F -set N , if N# is a closed fuzzy set in V , then ψ(N#) is a closed fuzzy set in W .
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4. Characterizations of Closed Fuzzy Mappings

In this section, we discuss some new characterizations of closed fuzzy mappings. The
following theorem shows how induced mapping ψ# enables us to find a characterization of
the closed fuzzy mapping in terms of the interior operator rather than the closure operator.

Theorem 9. Let ψ be a mapping from V to W . Then, ψ is a closed fuzzy mapping if and
only if for each subset B of V ,

ψ#(B◦) ⊆ (ψ#(B))◦.

Proof. Let ψ be a closed fuzzy mapping and B be a subset of V . By Lemma 2 (b) and
Theorem 1, we get

ψ#(B◦) = (ψ((B◦)c))c,

and (ψ((B◦)c))c = ψ((Bc))c

Since ψ is a closed fuzzy mapping, then by Theorem 4, ψ(Bc)c ⊆ ψ(Bc)
c
. But ψ(Bc)

c
=

ψ#(B)c
c
, since Lemma 2 (b) holds. This implies that

ψ#(B◦) ⊆ ψ#(B)c
c

= (ψ#(B))◦.

Hence, ψ#(B◦) ⊆ (ψ#(B))◦.
Conversely, let G be closed fuzzy subset of V . Then, by assumption, ψ#((Gc)◦) ⊆
(ψ#(Gc))◦ which implies ψ#(Gc) ⊆ (ψ#(Gc))◦. Since Gc is an open fuzzy subset of
V , then ψ#(Gc) is an open fuzzy subset of W , and hence, (ψ#(Gc))c is a closed fuzzy
mapping. Therefore, by Lemma 2 (b), (ψ#(Gc))c = ψ(G) is a closed fuzzy subset of W .
Hence, ψ is a closed fuzzy mapping.

The following theorem gives another representation of a closed fuzzy mapping in terms
of open fuzzy subsets.

Theorem 10. Let ψ be any mapping from V to W . Then ψ is a closed fuzzy mapping if
and only if for every open fuzzy subset O of V , ψ#(O) is an open fuzzy set in W .

Proof. The necessity of the condition follows from Theorem 9.
Conversely, let G be a closed fuzzy subset of V . Then, by assumption, ψ#(Gc) is an open
fuzzy set in W . But we get by Lemma 2 (b) that ψ#(Gc) = ψ(G)c, which implies ψ(G)c is
an open fuzzy set in W . Therefore, ψ(G) is a closed fuzzy set in W . Hence, ψ is a closed
fuzzy mapping.

The following example illustrates the above theorem.
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Example 2. Assume V = {v1, v2} and W = {w1, w2}, consider F -sets M and N as
M = {< v1, 0.6 >,< v2, 0.7 >} and N = {< w1, 0.6 >,< w2, 0.5 >}. Then T1 = {∅,M, V }
and T2 = {∅, N,W} be fuzzy topologies on V and W , respectively. We define a fuzzy
mapping ψ : (V, T1) → (W,T2) as follows ψ(v1) = w1, ψ(v2) = w2. One can check that ψ
is not a closed fuzzy mapping. On the other hand, let M be an open fuzzy set in V . Then,
ψ#(M) = {< w1, 0.6 >,< w2, 0.7 >} is not an open fuzzy set in W .

In the next theorem, we discuss another representation of a closed fuzzy mapping when
a mapping is surjective.

Theorem 11. Let ψ : V →W be a surjective mapping. Then ψ is a closed fuzzy mapping
if and only if for each open fuzzy subset O of W , ψ(O#) is an open fuzzy set in W .

Proof. The proof is similar to that of Theorem 7.

In the final result about closed fuzzy mappings, we see that image of saturated open
fuzzy sets under the surjective closed fuzzy mapping is an open fuzzy set.

Theorem 12. Let ψ : V → W be a surjective closed fuzzy mapping. Then ψ(O) is an
open fuzzy set in W for every saturated open fuzzy subset O in V .

Proof. The proof is similar to the above Theorem 8.

Corollary 2. Let ψ : V → W be an closed fuzzy mapping and surjective. Then, for any
open fuzzy subset B# of V , we have ψ(B#) is an open fuzzy set in W .

5. Conclusion

Applications of operators which are either obtained from a prior structure or an op-
erator acting on a given mapping, induce useful mappings which enable us to study the
important topological concepts or enable us to give a new characterization of such impor-
tant concepts as continuity, open and closed mappings. In view of the research done on
F -set theory, much needs to be investigated in the application of mappings induced by
operators defined by F -sets. In this paper, we have established new characterizations of
open and closed fuzzy mappings in connection with induced fuzzy mapping rather than the
well-known results of open fuzzy mappings in terms of interiors and closed fuzzy mapping
in terms of closures. The significat of these characterizations is that it leads to the growth
of the theoretical study of FTSs and offers various descriptions for fuzzy mappings.

Our next target will be to study the concepts of invertedly open fuzzy mappings and
invertedly closed fuzzy mappings by using this induced mapping. Also, we look at the
validity of the results introduced herein via some generalizations of fuzzy topology, such
as infra fuzzy (soft) topology [3] and supra fuzzy (soft) topology [4, 5].
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