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1. Introduction

Consider the second-order singular differential operator on the real line

Ao d>  A(x) d )
=i A dx M

where 1
A(x) = |x]**"B(x), a> —3

B being a positive C* even function on R. In addition we suppose that
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(i) Ais increasing on [0,00[ and lim,_,,, A(x) = o0;

(ii) A’/Ais decreasing on ]0,00[ and lim,_,, A'(x)/A(x) = 0;

959

(iii) There exists a constant § > 0 such that the function e®*B’(x)/B(x) is bounded for large

x €]0, 00[ together with its derivatives.

Lions [5] has constructed an automorphism & of the space &,(R) of C* even functions on
R, which intertwines A and the second derivative operator d2/dx?; that is, satisfying the

intertwining relation
2

Z——f=AZf, fe&R).
dx
It is known [14] that the Lions operator & admits the integral representation

|x|

%f(x)=f G(x,y)f(y)dy, x#0,
0

where G(x,-) is an even positive function on R, continuous on ] — |x|, |x|[ and supported in

[—|x[, |x|]. Furthermore, the dual Lions operator

[ee)

t%f(y)=f G(x, y)f (x)A(x)dx, y€R,

|yl

is an automorphism of the space % (R) of even Schwartz functions on R, satisfying the inter-

twining relation
2

d—2 X f =" Af, f € #(R).

(2)

dx
In [8] the second author has introduced on the space &(R) of C* functions on R, the following
operator
d

Vf = %(fe)+ E%I(fo):
where £+ (=) £() = f(=x)

x —X x)—f(—x

flx)= T, ) =

and I is the map defined by ITh(x) = f; h(t)de.
Mainly, he showed that V is an automorphism of &(R) satisfying for all f € &(R),
d
V——f =AVf,
dx
where A is a first-order differential-difference operator on R given by

_df A (f(x) = f(=x)
M= A ( 2 )

(3)

(4)

(5)
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For A(x) = |x|?*"!, @ > —1/2, the intertwining operator V reads

Ia+1)

V(f)(x)= JAT(at1/2)

1
f Fex)(1—t2)* Y2 (14 t)dt,
-1

and referred to as the Dunkl intertwining operator of index a + 1/2 associated with the re-
flection group Z, on R. The differential-difference operator A reduces to the one-dimensional
Dunkl operator

df 1
Daf=a+(a+§)

Such operators have been introduced by Dunkl in connection with a generalization of the
classical theory of spherical harmonics (see [1, 11] and the references therein). During the last
years, the theory of Dunkl operators has found a wide area of applications in mathematics and
mathematical physics. In fact, Dunkl operators have been used in the study of multivariable
orthogonality structures with certain reflection symmetries [12, 16]. Moreover, they have
been successfully involved in the description and solution of Calogero-Moser-Sutherland type
quantum many body systems [4] .

Define the dual operator 'V of V on the space #(R) of Schwartz functions on R, by the
relation

fl)—f(=x)
—

d
V= )+ I, ©)
where J is the map defined by
X
Jh(x) = f h(y)dy, xe€R. (7
—0o0

In this paper, it is shown that the dual operator 'V is an automorphism of % (R) which satisfies
the intertwining relation

4 'V = 'VAS, f e Z(R).
dx

Moreover, the following inversion formulas for V and ‘V on certain specific subspaces of #(R)
are provided

fF=VX'VFf;
f=MVVF;
f=V.HVF;
f=H'VVF;

2 and . being pseudo-differential operators. But the main contribution of this work is the
determination of the inverse operators V! and 'V ! through a continuous wavelet transform
on R associated with the differential-difference operator A. For examples of use of wavelet
type transforms in inverse problems the reader is referred to [2, 6, 7, 10, 15] and the refer-
ences therein. The content of this paper is as follows. In Section 2 we provide some harmonic



W. Chabeh, M. Mourou / Eur. J. Pure Appl. Math, 3 (2010), 958-979 961

analysis results related to the differential-difference operator A. Next we list some basic prop-
erties of the generalized Dunkl intertwining operator V and its dual V. In section 3 we
introduce the generalized continuous wavelet transform associated with A, and we prove for
this transform Plancherel and reconstruction formulas. Using generalized wavelets, we obtain
in Section 4 formulas which give the inverse operators V! and ‘V ! on Schwartz type spaces.

2. Preliminaries

In this section we provide some facts about harmonic analysis related to the differential-
difference operator A. We cite here, as briefly as possible, only those properties actually
required for the discussion. For more details we refer to [8].

Notation. We denote by

- Z(R) the space of C* functions f on R, which are rapidly decreasing together with
their derivatives, i.e., such that for all m,n=0,1,...,

n

dx™

Ppa(f)=sup(1+x*)™" £(x)| < oo.

x€R

The topology of &#(R) is defined by the semi-norms P,,, ,, m,n=0,1,....
- Z(R) (resp. &, (R)) the subspace of &(R) consisting of even (rep. odd) functions.

- %B(R) the subspace of &(R) consisting of functions f such that for alln =0,1,...,

f f ()b, (x)A(x)dx =0,
R

n

with b,(x) =V (y_') (x), V being the generalized Dunkl intertwining operator given
n!

by (2).
- #(R) the subspace of &(R) consisting of functions f such that foralln=0,1...,

J fl)x"dx =0.
R

- #(R) the subspace of & (R) consisting of functions f such that for alln=0,1...,

n

dx™

f(0)=o0.
Put

B.(R) = S(R)N B(R), %,(R) =S (R)N B(R),
W (R) =L R)INH(R), #,(R)=SR)NH#(R),
H(R) = L (R)NA(R), H,(R)=S(R)NA(R).
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Remark 1.

(i) Due to our assumptions on the function A there is a positive constant k such that

A(x) ~ k|x|?*TL,  as x| — oo.

(ii) It follows from (4) that
Abn+1 == bn (8)

for all n € N . Further, by [9] we have for any n € N and x € R,
|ba(x)] < klx|",
k being a positive constant depending only on n.

(iii) It is easily checked that the space & (R) is invariant under the differential-difference oper-
ator A.

For each A € C the differential-difference equation
Au=iiu, u(0)=1, 9

admits a unique C* solution on R, denoted ¥, given by

| e+ E L) ifA#0,
Valx) = { 1" if =0, (10)
where ¢, designates the solution of the differential equation
Au=—-2A%u, u(0)=1, u'(0)=0, (11)

A being the differential operator defined by (1).

Remark 2.

@) IfFA(x) = |x|**™!, a > —1/2, then

\Pl(x) =ja(kx)+ ja+1(kx):

iAx
2(a+1)
where j, (y > —1/2) stands for the normalized spherical Bessel function of index y given
by
(=1)" (z/2)*"

jy(z) = F(Y‘I‘ 1);m (z€C).
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(ii) It follows by (4) and (9) that .
V() =V (™) (x) (12)

forall x e Rand A € C.
The next statement provides a new estimate for the eigenfunction ¥, (x).

Lemma 1. Forall A, x € R, we have
@, ()< 1.
Proof. For A = 0, the result is obvious. For A # 0, set
) 1d 2 , 1(d 2
up () = [ (° = o) + —=—a(x)| = (wa(x))"+ = (H‘PA(X)) :

Notice that u;(x) is even in x. By (11),

d d 2 d d>? 2 Alx) [ d 2
() = 20, ()0 + S e a0 =~ s (el

As the function A is increasing on [0, co[, it follows that u; is decreasing on ]0,00[. As
u;(0) =1, we deduce that u,(x) <1 for all x > 0. This ends the proof.

Notation. For a positive Borel measure y on R, and p = 1 or 2, we write LP(R,du) for
the class of measurable functions f on R for which

1/p
1fllpu= (J If(x)lpdu(x)) < 00.
R
Definition 1. The generalized Fourier transform of a function f in L'(R,A(x)dx) is defined by
FAfIA) = f SO _5(x)A(x)d x. (13)
R

Remark 3. Let f € L}(R,A(x)dx). By Lemma 1, it follows that Z,(f) is continuous on R and
FA oo < M1f I,

An outstanding result about the generalized Fourier transform & is as follows.

Theorem 1. [8]

(i) Forevery f € L' N L2(R,A(x)dx) we have the Plancherel formula

f If(X)IzA(X)dx=f |ZA(FIPdo(R).
R R
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where
dA

R

c(z) being a continuous functions on ]0, 0o[ such that

o(A)

c(z)t ~ k2t

()7t ~ ky2®t2, as 20,

, as g — 00,

NI N

for some ky,ky € C.
(ii) The generalized Fourier transform &, extends uniquely to a unitary isomorphism from
L?(R,A(x)dx) onto L*(R,do). The inverse transform is given by
Zytg(x) =f g)¥y(x)do(A)
R

where the integral converges in L*(R,A(x)dx).

Remark 4.

(i) The tempered measure o is called the spectral measure associated with the differential-
difference operator A.

(ii) For A(x) = |x|***!, a > —1/2, we have
291 T (a+1)
c(s)= Sy
The following lemma will play a key role in the remainder of this section.
Lemma 2. The map J, given by (7), is a topological isomorphism
- from Z,(R) onto S, (R);
- from %B,(R) onto AB,(R).

Proof.

(i) It is sufficient to show that J maps continuously &, (R) into % (R). Let f € ¥, (R).
Clearly Jf is a C® even function on R. Forn =1,2,..., P, ,(Jf) = P, ,_1(f). More-
over,

o0

(T+x)"Jf < (1+x2)’"f If (6)ldt

|x|
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e e}

< 1+ )™ |f(0)ldt

|x]

*dt
Pi10(f)

(1+t2)

IA

|x]

m
Hence P, o(Jf) < 3 Ppy1,0(f)

(ii) Let f € AB,(R). By using (8) and by integrating by parts we have for any n =0,1,...,
f Jf(x) by(x)A(x)dx = f Jf () Abpiq (X)A(x)d x
R R
= —f AJ f(x) b1 (x)A(x)d x
R

= —f f(x)bpy1(x)A(x)dx =0,
R

which shows that Jf € %,(R). Conversely, let f € %,(R). Identity (8) together with an
integration by parts yields for anyn =1,2,...,

ff’(X)bn(X)A(X)dx = fAf(X)bn(X)A(X)dx
R R
= —f S ()Ab,(x)A(x)d x
R

= — f f)b,_1(x)A(x)dx =0,
R

which shows that f’ € %,(R).

Proposition 1.

(i) For all f in (R), we have

FAAfIA) =1AZ\(f)(A). 14

(ii) For all f in #(R), we have
FAIA) = FAFIA) +HIAFAU f,)(A), (15)
where Z » stands for the Fourier transform related to the differential operator A, defined

on &,(R) by
Fa(W)(A) = f h(x)pp(x)A(x)dx, AER,

R
f. and f, being respectively the even and odd parts of f given by (3).
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Proof.

(i) Let f € Z(R). By (5), (10) and (13),

A
FAAf)A) = f(fo(x)+mfo(X)) Y (x)A(x)d x
R

1 / /

= fRfe (x); (OGO
K2

K, — a

By integrating by parts we get

K1 =f (AG0)fo(x)) s (x)dx = —f fo(0) (A )dx
R R

and

J £ ()¢} (0)A(x)d x
R

Ko

- f A (x)) dx
R

- - fRfe(x)Am(x)A(x)dx
- fRfe(xm(x)A(x)dx
by virtue of (11). Hence
K- = iAfR (fe(xm(x)—fo(x)‘p/@;x))Amdx

= ilj F(x)®_,(x)A(x)dx.
R

This clearly yields (14).

(i) If f € S(R), identity (15) is obvious. Assume f € &, (R). By using (10), (11), (13)
and by integrating by parts we obtain

A0 = - | S A
R

- L f JF (AR (x)Y dx
i R
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1
= — | JFG)Ap(x)A(x)dx
iA )y

= ilj Jf ()5 (x)A(x)d x
R
= IAFAIf(N),

which completes the proof.

Theorem 2. The generalized Fourier transform &, is a topological isomorphism
- from & (R) onto itself;
- from %(R) onto £ (R).
Proof. By [13] we know that the transform %, is a topological isomorphism
- from &, (R) onto itself;

- from %,(R) onto #,(R).
The result follows then from (15), Lemma 2 and the fact that the operator A — Af is a
topological isomorphism

- from %,(R) onto ,(R);

- from 5£,(R) onto %, (R).

Proposition 2.

(i) Forall f € #(R),
INf)=Fyo0 'V (f), (16)

where &, denotes the usual Fourier transform on R given by
«%(f)(l)=f f(x)e"**dx.
R

(ii) For all f € #(R),

d
—'Vf ="VAf. a7)
dx

Proof. Assertion (i) follows by applying the usual Fourier transform %, to both sides of (6)
and by using the identity

FAhAN) =Z,('Zh) (L), heF(R),

(see [13]). The intertwining relation (17) follows by applying the usual Fourier transform %,
to both its sides and by using (14) and (16).
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Theorem 3. The intertwining operator 'V is a topological isomorphism

- from & (R) onto itself;

- from %(R) onto #(R).

Proof. We deduce the result from (16), Theorem 2 and the fact that the usual Fourier
transform %, is a topological isomorphism

- from < (R) onto itself;

- from #(R) onto s2(R).
Definition 2.

(i) The generalized translation operators T*, x € R, are defined on
L?(R,A(x)dx) by the relation

FAT*fIA) =W (x)FA(f)A). (18)
(ii) The generalized convolution product of two functions f and g in L?(R,A(x)dx) is defined
by
f#8(x) =f T f(=y)g(VAly)dy. (19
R

Remark 5. Let f and g be in L?(R,A(x)dx). Then
(i) By (18), Lemma 1 and Theorem 1, we deduce that
1T F [0 = [1£[].0 (20)
for any x € R.
(i) It follows from (19), (20) and Schwargz inequality that f #g € L*(R) and
17 #€lloo = (1 [l €]l @1)

(iii) By virtue of (18), (19) and Theorem 1, f #g may be rewritten as

f#g(x)= J FaFIA)FZN() A, (x)do(A). (22)

R
Proposition 3. Let f € L?(R,A(x)dx)and g € L*NL%(R,A(x)dx). Then f #g € L*(R,A(x)dx),

Hf#gHzA = ||f||2,A||g||1,A’ (23)

and

FINf#8)=F\(f)F\(Q). 24)
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Proof. By Schwarz inequality, Z,(f)Z,(g) € L} (R,do). Moreover, by Remark 3,
FAFIZA(Q) € 12(R,do) and || ZA(HIZA(Q)|,, < | Za(F)||,, [l€]l1 0 The result follows
then by combining (22) and Theorem 1.

Proposition 4. If f,g € &(R), then f#g € (R) and
V(f#g)="Vf x'Vg, (25)
where * denotes the usual convolution on R.

Proof. The fact that f #g € &(R) follows from (24) and Theorem 2. Identity (25) follows
by applying the usual Fourier transform to both its sides and by using (16) and (24).

Remark 6. Notice by (24) and Theorem 2 that B(R)#<(R) C B(R).

3. Generalized Wavelets

Definition 3. We say that a function g € L*(R,A(x)dx) is a generalized wavelet if it satisfies
the admissibility condition :

°° ,da
0<Cy= |Frgla)| - < 00, (26)
0

for almost all A € R.

Remark 7.

(i) The admissibility condition (26) can also be written as
© ,dA *© ,dA
0<C= | IZADWIPT = | IZu(@)-DF= <o
0 0

(i) If g is real-valued we have F(g)(—A) = Z(g)(A), so (26) reduces to
0 ,dA
0<Cy= |ZA(g)(A)] N < 00.
0

(iii) If0 # g € L?(R,A(x)dx) is real-valued and satisfies
In>0 suchthat Z\(g)(A)—Z,\(g)(0)=@0(A"), asA— 0T,
then (26) is equivalent to ¥ ,(g)(0) = 0.

(iv) According to (iii) and Theorem 2, each real-valued function g in B(R) is a generalized
wavelet.
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Proposition 5.

(i) Let h € L>(R,do) and a > 0. Then the function A — h(a) belongs to L?>(R,do’) and we

have
k(a)
llh(a)llz,e < e lAll2,0 »
where
k(@) = sup lc(A)]
a0 lc(A/a)l”

(ii) For every a > 0, the dilatation operator

H(F)(x) = \/iaf (3), xem,

is a topological automorphism of L?(R,do).

Proof.

(i) Notice first that according to the properties of the function c(A) given in Theorem 1,
there exist two positive constants m; and m, such that

™ _ < k(a) <

qatiz = for alla > 0.

2
aa+1/2

We have

Ih(a)l5, = | Ih(a)? a2
20 R le(IADI?

1 lc(sDI>~ ds
= = h(s)|?
GJRl ©) lcClsl/a)I* leCIsDI?

2
IAl2,,

k*(a)
a

A

(ii) We deduce the result from (i).

Proposition 6. Let g € L?(R,A(x)dx)and a > 0. Then there exists a function g, € L?(R,A(x)dx)
(and only one) such that

Fr(8)(A) = F(g)(ar) 27)
for almost every A € R. This function is given by the relation
1 __
gazﬁgAloHa_logA(g) (28)
and satisfies
k(a)
| 8allza = Ja ”g”zA'
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Proof. The result follows by combining Theorem 1 and Proposition 5.

Remark 8. For A(x) = |x|?**, a > —1/2, the function g,, a > 0, is given by

1 X
ga(x)=mg(g), x €R.

Proposition 7. Let g be in &(R). Then for all a > 0, the function g, belongs to &(R) and we
have the relation

1 ty7—1 t
8= 7a V= oH,0o'V(g). (29)

Proof. The result follows from (16), (28), Theorem 2, and the fact that #,0H, = H,-10%,.

Notation. For a function g in L?(R,A(x)dx) and for (a, b) €]0,00[ x R we write
8ap(X) 1= VAT gy(x), (30)
where TP are the generalized translation operators given by (18).

Definition 4. Let g € L%(R,A(x)dx) be a generalized wavelet. The generalized continuous
wavelet transform &, is defined for regular functions f on R by :

®,(f)(a,b) = f f(x)gq,p(x)A(x)dx.
R

This transform can also be written in the form
®,(f)a,b) = Vaf#gq(b), (€20)

where # is the generalized convolution product given by (19), and g,(x) = g,(—x), x €R.

Lemma 3. For all f,g € L2(R,A(x)dx) and all h € & (R) we have the identity
J f#g(x) FH(h)(x)A(x)dx =J FAfIQ) Zp(g)A)h™(A)do(A)
R R

where h~(A) =h(—-1), L€R.

Proof Fix g € L%(R,A(x)dx) and h € #(R). For f € L2(R,A(x)dx) put

S1(f) = f f#8()Z (M)(x)A(x)dx
R

and

So(f) = J FAIAZL()(AR™(A)da(A).
R
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In view of Proposition 3 and Theorem 1, we see that S;(f) = S,(f) for each
f € LY N L?(R,A(x)dx). Moreover, by using (21), Schwarz inequality and Theorem 1 we get

10O [1F#8 oo |23 10 < £ [l g o122 ]

and

A

15501 < [|ZAZA@|,, 1l
1220|500 [ 22| Illco

HfHZA HgHZA ”h”oo )

which shows that the linear functionals S; and S, are bounded on L2(R,A(x)dx). Therefore
S; = 8,, and the lemma is proved.

IA

IA

Lemma 4. Let f,, f, € L2(R,A(x)dx). Then f,#f, € L2(R,A(x)dx) if and only if
F\(f1) Za(fo) € L3(R,d o) and we have

9A(f1#f2) = gA(fl) gA(fZ)

in the L?—case.

Proof Suppose fi#f, € L>(R,A(x)dx). By Lemma 3 and Theorem 1, we have for any
he Z(R),

-
f9A(f1)(7t)9/\(fz)(/\)h(7t)da(l) ] fr# fo(x) F5H(h7)(x) Alx)dx
R R

(‘ - . =~
= F#f)Z () (0)A(x)dx
R

:
= | FA(f1#f)(A)h(A)do(A),

R

which shows that Z,(f;) ZA(f2) = ZA(f1#f,). Conversely, if Z,(f;) Zr(f2) € L2(R,do),
then by Lemma 3 and Theorem 1, we have for any h € &(R),

f fi#£(0) 27 W)AGOdx = f FAFDR) LD R do(2)
R R
= fg/fl[%\(fﬂ?/\(fz)](x)g/fl(h)(x)A(X)dX,
R
which shows, in view of Theorem 2, that fi#f, = Z ' [ZA(f1) ZA(f,)]. This achieves the

proof.

A combination of Lemma 4 and Theorem 1 gives us the following.
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Lemma 5. Let f,, f, € L?(R,A(x)dx). Then

f |fr# F2(0)IPA(x)dx =f IZADPIZA(f)W)Pdo (1)
R R

where both sides are finite or infinite.
Theorem 4. Let g € L2(R,A(x)dx) be a generalized wavelet. Then for all f € L*(R,A(x)dx),

we have the Plancherel formula

2 1 (% 9 da
|f (0)I"A(x)d x = |®,(f)(a, b)I°A(b)db—;-.
R Celo Jr a

Proof. Using (26), (27), (31), Fubini’s Theorem and Lemma 5, we have

27 1o, byrac)ande -
CeJo Jr § ’ a?

1 (* ~ 9 da
- = f #Za(b)PA(BID | —
g Jo R

1 (® 9 9 da
= |FZAfI))F|FZA(g)ar)|"do(A) -
g Jo R

1 [ d
ZJ ENGS& (C_J |ZA(2)(a)|? —a) do(R)
R 0 a

8

=J | ZA(HWIPda ()
R
The result is now a direct consequence of Theorem 1.

Theorem 5. Let g € L?(R,A(x)dx) be a generalized wavelet. Then for f € L' N L2(R,A(x)dx)
such that Z,(f) € L}(R,d o), we have

1 (® da
flx)= —f (f @, (f)a, b)ga,b(x)A(b)db) —, ae,
Ce Jo R a

where, for each x € R, both the inner integral and the outer integral are absolutely convergent,
but possibly not the double integral.

Proof. Put
f(a,X)=f @, (f)(a, b)gq,p(x)A(b)db
R

and

1 ([~ da
f(x)=c—f0 J’(a,x)?-

4
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By (30) and (31) we have

SF(a,x) = af f#8,(b)T~*g,(b)A(Db)db.
R

From (20), (23) and Schwarz inequality we deduce that the integral .#(a, x) is absolutely
convergent. On the other hand, by (18), (24) and (27),

FNSf#8)(A) = FA(f)A) Zr(g)(aR)
and
FNTT7EIA) =, (—x) Fp(g)(ad).

So using Theorem 1 we obtain

J‘(a,X)=af FAF I, (0 Zp(g)a)Pdo (D).
R

In particular, this implies that

o0

1 da 1 (% 2da
— |£(a,x)| = < |ZAF)N | =— |ZA(g)ar)|*— | do(A)
Ce Jo a R Ce Jo a

= [#Ol, o <o,
that is, the integral ¢ (x) is absolutely convergent. Finally, using Fubini’s theorem we get
1 [~ 5 da
L) = — FAPIA)ZA()ar)" s (x)do(A) | —
R

CgO

1 (® 2da
ZA)A) ol |ZA(g)(aA)]"— | ¥y (x)do(A)
R 0 a

8

= f FA( I, (x)do(A),
R

which ends the proof in view of Theorem 1.

4. Inversion of the Intertwining Operators Using Generalized Wavelets
In this section we suppose that the function |c(1)|™2 is C* on ]0,00[, and foralln € N :
(i) d"/dA™|c(A)]~* # 0 on ]0, 00[;
(i) 3p, € Nand k, > 0 such that d"/dA"|c(1)| 72 < k, AP~ for A > 1;

(iii) d"/dA™c(A)|"2 ~y+ a,Ad, where a, € R and g, € Z.



W. Chabeh, M. Mourou / Eur. J. Pure Appl. Math, 3 (2010), 958-979 975
Remark 9. These conditions are satisfied in the Dunkl operator case.

Proposition 8. The operator & (resp. .#) defined by
H ()=, [2n|c(ADI2Z,(F)] (32)

(resp. 4 (f)= 7" [2m|c(ADI22A(F)]) (33)
is a topological automorphism of #(R) (resp. B(R)).

Proof Clearly, the mapping f — 2m|c(1)|72f is a topological automorphism of #(R),
and its inverse is given by f — ﬁ lc(JAD)|? f. We deduce the result from Theorem 2 and the
fact that the usual Fourier transform %, is a topological isomorphism from #(R) onto 5 (R).

Proposition 9. For f in B(R), we have

-1

M=V o o' V(f). (34)

Proof. By (16), (32) and (33),

M) = F[2m[c(IADI 2N ()]
= Wlog ! [2rlc(AD 22,0 V(F)]
= 'vlootV(f).

Proposition 10.

() Forall f in #(R) and g in &(R), we have
H(frg)=H(f)*g.
(ii) For dll f in B(R) and g in &(R), we have
M(f#g) = M(f)#g.
Proof. We have

H(f+g) =

F. [2nlc(AD 2 Z,(f + 9)]

= Z
{
H

2D 2 () Fu()]
Z. [2n|c(ADI2 Z,(F)] } ¢
(fl*g

and

M(f#Z) = F[2m|c(IADI 2N (F#2)]
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= Zy! [2n1c(ADI2ZA(F)Za(8)]

{7

[27[cUADI2ZA(F)] } #2

= M(f)#g,

which ends the proof.

976

Theorem 6. 1. The intertwining operator V is a topological isomorphism from #(R) onto

B(R).

2. We have the following inverse formulas for V and 'V :

(a) For f € B(R),

(b) For f € #W(R),

Proof. Let f € %B(R). From (12), (16) and Theorem 1 we have for all x € R,

flx) = fe%(f)(l)%(X)
R

vU Zy (e 2 )(»«)
2 N lc(|A])I2

f=VvAXV(f);
f=HVV(f).
f=HVV(f);
f="v.4V(f).
da
lc(JADI?

= v(if [27lc(IADI72 2, 0 V()] e“‘d?t)(x)
27 R

= VAV

(35)
(36)

(37)
(38)

This when combined with (34) yields formula (36). By replacing f respectively by V f and
ty—-1 f into formulas (35) and (36), we regain identities (37) and (38). From (35), Propo-
sition 8 and Theorem 3, we deduce that V is a topological isomorphism from #/(R) onto

B(R).

In order to invert the intertwining operators V and ‘V we shall need some technical lemmas.

Lemma 6. For all f in #(R) and g in &(R), we have

V(f *g)=V(#'V ' (g).
Proof. By using relations (25), (35), (37) and Proposition 10(i) we have

v V# V()]

= AV [VE#E V(]

= A ['VV(f*g]
[ VV(f)]*g

= fx*g.

(39)
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Definition 5. The classical continuous wavelet transform on R is defined for regular functions
by

Sg(f)(a,b) = f f(x) gg’b(x)dx, a>0,beR,
R

¢, () i= g (x — b)
a,b \/E a

The function g is a classical wavelet on R, i.e., a function in L2(R, dx) satisfying the admissibility
condition:

where

0 > ,da
0<C,= |Z,(g)(a)] - < 00,
0

for almost all A € R.

A more complete and detailed discussion of the properties of the classical wavelet trans-
form on R can be found in [3], from which we have the following inversion formula.

Theorem 7. Let g € L2(R,dx) be a classical wavelet. If both f and Z,(f) are in L*(R,dx)

then we have
1 (* o da
flx)= EJ (f S.(f)(a, b)ga’b(x)db) =
g Jo R

for almost every x € R.

Remark 10. According to (16) and Definitions 3, 5, g € &(R) is a generalized wavelet, if and
only if, 'V (g) is a classical wavelet and we have:

0 —
oy = Co- (40)

Lemma 7. Let g € #(R) be real-valued. Then for all f € &(R) we have
Sy g(f)a,b) = MV Sy ('VF)(a,)] (D).

Proof Notice that V.#' g = 'V ™lg by virtue of (35). Further, g is a classical wavelet
according to [3]. So it follows from Remark 10 that V.#'g € %B(R) is a generalized wavelet
and

Cvxg = Cq- (41)

Due to (25), (29), (31), (35), (38) and Definition 5 we have

Py yo(f)a,b) = Vaf#(VHg),(b)
= Va'Vvl['Vf VvV g),] (b)
= V[VFH, (VY )] (b)
= MV ['VF*H ()] (b)
= MV Sy ("VF)(a,)] (D).



REFERENCES 978
Lemma 8. Let g € B(R) be real-valued. Then for all f € #(R), we have
Seyg(f)a,b) = A 'V [®,(VF)(a,")] ().

Proof. Observe that by Remarks 7(iv) and 10, ‘V g is a classical wavelet. Using (29), (31),
(39) and Definition 5 we have

V (Seve(f)(a, ) (b)

V(f*Hy ('Vg)) (b)
= VaV(f*'V(g,)) (b)
= VaV(f)#g.(b)
= ,(Vf)(a,b).

Thus

Styg(f)(a,b)

VT [@g(Vf)(a,)](b)
A V[@g(VF)(a,)](b)

by virtue of (35).

We can now state our main result.

Theorem 8.

(i) Let g € #(R) be real-valued. Then for all f € #(R) we have
P 1 ([ da
Vo)== MV S (f)a,)](b) (VA g)ep(x)AD)D | —-
C a
g Jo R
(i) Let g € B(R) be real-valued. Then for all f € B(R) we have

—1 1 o ¢ t 0 da
V7f(x)=— H V@, (f)a,)](b) ( Vg)a’b (x)db | =
Ce Jo R a

Proof. The result follows by combining Theorems 5, 7, Lemmas 7, 8 and identities (40),
(41).
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