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1. Introduction

Throughout this paper, let p € N={1,2,3,...} and the functions of the form :

o0

p(2) = ayz’ — Z Qnypz" P (ap > 0;ap40 2 0),
n=1
o0

P(z) = bpzt — Z by pz" " (ap > 05bp4n 2 0),
n=1

be analytic and p-valent in the unit disc A = {z : |z| < 1}. Also, let
dp—1 S n+p—1
flz)= 5 + Zan+p_1z (ap > 0;ap4n = O) , ey
n=1
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ap-1,i - _
fil@)= = 4 D a8 (> 034, 2 0), )
n=1
bp_l S n+p—1
8&) = 1=+ D brap1z™P (B> 05,4, 20), 3)
n=1
and
bp—l,i N n+p—1
gi(z) = P + ) buyp12? (bp,i >0;bpyni = 0) , 4
n=1

be analytic and p-valent in the punctured disc A* = {z: 0 < |z| < 1}.

Let >. ST o(p, @) denote the class of functions f(z) defined by (1) and satisfy the condi-
tion
zf'(2)
f(2)
and ), 6;(p, a) denote the class of functions f (z) defined by (1) and satisfy the condition

zf'(2) .
—Re{f(z)}>a, (z € AY) (6)

—Re {1 + } >a, (z€AY) (5)

where 0 < a < p.

The quasi-Hadamard product of two or more functions has recently been defined and
used by Kumar ([7],[8], and [9]), Aouf et al. [3], Hossen [6], Darwish [4] and Sekine [12].
Accordingly, the quasi-Hadamard product of two functions ¢(z) and 1(2) is defined by

o0

(90 * 1/’)(2) = ap bpzp - Zan-i-p bn+pzn+p (7)

n=1

Aouf [1] defined the Hadamard product of two meromorphic p-valent functions f (z) and g(z)
by

a _1b -1 o0 —
(f * g)(z) = % +Zan+p_1 bn+p_1z"+p 1 (8)

n=1

Similarly, we can define the Hadamard product of more than two meromorphic p—valent
functions.

Let A(2) be a fixed function of the form
Cp-1 S n+p—1
Az) = o + ch+p_1z P (cp >0;Cppn = O) , C))
n=1

Using the function defined by (9), we now define the following new classes
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Definition 1. A function f(z) € Y, //lg(cnﬂ,_l, 6) (cn4p—1 = ¢, > 0;n = 2) if and only if

o0

ch+p_1an+p_1 S 6ap_1 (10)

n=1
where 6 > 0.
Definition 2. A function f(z) €Y, %;‘(Cnﬂ,_l, 6) (cpyp-1 = ¢, > 0;n = 2) if and only if

2 rn4+p—1\F
Z | S+p-19+p-1 = 5ap—1 (1)
n=1 p

where § > 0.

It is easy to check that various subclasses of meromorphic and multivalent functions can
be (studied by various authors) represented as Y, %;‘(cnﬂ,_l, o) for suitable choices of c,, 6
and k. For example:

(1) X Bf((n+2p—1)+p(n+2a-1),26(p —a)) = zk:(P,a,/D’)

(2) X B)(n+2p-1)+p(n+2a-1),2B(p—a) =255, a,p)

(3) 2%;((n+2p-1)+p(n+2a—1),28(p —a)) =3.Cy(p,a,B)

4 > %’;((n(l +B)+R2a—-1)p+1, 21 —a)) =2 Si(k,a,p)forp=1
(5) 2 Br(n(n(1+B)+(2a—-1B+1), 2B(1 —a)) =D, Ci(k,a,p) forp=1

The classes >.(p,a, ), ZSS(p,a,[J’) and ZCS‘(p, a, 3) have been studied by Aouf [1] and
k
the classes Y So(k,a,3) and > Cy(k,a, ) have been studied by El-Ashwah and Aouf [5].
Evidently, 3, %g(cmp—p 6)= Z/ﬂ;?(cmrp—p &) . Further, )] %I)t(cn-&—p—l, §)c 2, ‘%Q(Cn-i-p—l’ 5)

if k > h > 0, the containment being proper. Moreover, for any positive integer k we have the
following inclusion relation

D BE(Crap-1,8) € D B (Cnip-1,6) € © L MY(Crip1.6) € D63 (p,a) € D Ty (p, ).

We also note that for every nonnegative real number k, the class Y %lyt(cn+p—1: 6) is nonempty
as the functions of the form

QW1 p K 8ap 0 n+p—1
f& = +Z; ntp—1) Cpny PV (a5 > 03051, 20),
n=

where a,_; >0, p,;,_; = 0and Ziozl Unip-1 < 1, satisfy the inequality (11).

In this paper we establish a theorem concerning the quasi-Hadamard product of func-
tions in the classes > ./ g (ch4p-1,6) and > B Ii(cnﬂ,_l, 6). The theorem and its applications
generalize the results obtained by Aouf [1], Mogra [11] and El-Ashwah and Aouf [5].
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2. Main Theorem
Theorem 1. Let the functions f;(z) defined by (2) belong to the class . %’;(Cnﬂ,_l, ) for every
i =1,2,...,m, and let the functions g;(z) defined by (4) belong to the class Z/ﬂf(cnﬂ,_lﬁ)
forevery j=1,2,...,q. If cyp_q = (n+p_1
fi % fok o % fr kg1 % go % ... % g,(2) belongs to the class )] %§k+1)m+q_1(cn+p_1, 6).

) 0, then the quasi-Hadamard product

Proof. Let h(z) := f * fo ... % fr % 1% gy % ... % g4(2), then

m q

-1 } N -
h(z): +Z l_[an+p—1,il_[bn+p—1,j z+p 1~ (12)

n=1 | i=1 j=1

It is sufficient to show that

© o +p-1 m(k+1)+qg—1 _m q m q
> (=) [ Tavore] Towsrs <] [arai[ [5ps  @3)
i=1 j=1 i=1 j=1

n=1 p

Since f;(z) €Y. %I;(cnﬂ,_l, &), we have

X (n+p-1\F
Z —— | Catp—1Gn4p-1,i S0a,_1; (14)
n=1 p

for everyi =1,2,...,m. Therefore,

< n+p-1 —k 19) (15)
Anip—1.i ap_1;
n+p—1,i = p Cn+p—1 p—1,i
which by virtue of the condition (given with the theorem) implies that
n+p—1\"F1
Antp-1,i S T ap-1,i (16)

for everyi=1,2,...,m. Further, since g;(z) € Z//lg(cnﬂ,_l, &), we have
o
ch-i-p—l bn+p—1,j = 5bp—1,j 17)
n=1

for every j =1,2,...,q. Hence we obtain

n+p—1\"1
Bripi, < (T) byy, (18)
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Using (16) fori=1,2,...,m, and (18) for j=1,2,...,q — 1, and (17) for j = g, we get

0 _ m(k+1)+qg—1 m q
n+p-—1
E (T) Cntp-1 | |an+p—1,i| |bn+p—1,j
j=1

n=1 i=1
i |: n +p -1 m(k+1)+qg—1 n +p -1 —m(k+1) n +p -1 —(g-1)
=) ) )

m q-—1

l_[ap—l,i bn+p—1,j Cn+p—1bn+p—1,q

i=1 j=1

m q-1 %)

= l_[ap—l,i bp_1,; (Z Cn+p—1bn+p—1,q)
i=1 j=1 n=1
m q

<5] Jap- ]_[ _1 (by 7))

i=1 j=1

Hence h(z) € ). %;kﬂ)mﬂ_l(cnﬂ,_l, 6). This completes the proof of the Theorem 1.
Taking k = 0 in the proof of the above theorem, we obtain

Corollary 1. Let the functions f;(z) defined by (2) and the functions g;(z) defined by (4) belong
to the class Z//tg(cnﬂ,_lﬁ)for everyi=1,2,....myand j=1,2,...,q. If

Cnyp—1 = (%) 0, then the quasi-Hadamard product fy * fy ... % fo % g1 % g3 % ... % g4(2)
belongs to the class Y %;Hq_l(cﬁp_l, 5).

Now taking into account the quasi-Hadamard product functions g;(z) * g5(2) *... * g4(2)
only, in the proof of the above theorem, and using (18) for j =1,2,3...,q — 1, and (17) for
j = m, we obtain
Corollary 2. Let the functions g;(z) defined by (4) belong to the class Z//tg(cnﬂ,_lﬁ) for
J=12...,q- Ifcpp = ("Jri_l) 0, then Hadamard product g1 * g5 * ... * g,(2) belongs to

the class Y, %g_l(cnﬂ,_l, 5).

Remark 1.

(i) Putting ¢,y 1 =(n+2p—1)+B(n+2a—1)and 5§ =2B(p — a) in the above theorem,
we obtain the results obtained by Aouf [1].

(i) Puttingp =1, ¢, =n((n+ 1)+ p(n+2a—1))and § = 23(1 — a) in the above theorem,
we obtain the results obtained by Mogra [11].

(iii) Putting p = 1, in Corollary 2, we obtain the results obtained by El-Ashwah and Aouf [5].
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