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Inequalities Involving Certain Integral Operator
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Abstract. The object of this paper is to give several strict inequalities associated with the operator
Il’}n(a, b;c) (a,b € R\ Z,, p,n € N={1,2,...}, A > —p) defined by X.-L. Fu and M.-S. Liu, Some
subclasses of analytic functions involving the generalized Noor integral operator [see 3].
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1. Introduction

Let .«7,(p) denote the class of functions of the form:
o0
F@) =2+ P (pneN={1,2,....}), )
k=n
which are analytic and p-valent in the open unit disc U = {z : z € C, |z| < 1}. For functions f
given by (1) and g € ./, (p) given by
o0
g2(z)=2+ Z bk+pzk+p (z€U) 2)
k=n
the Hadamard product (or convolution) of f and g is defined by
o0
(F * ) =2 + ) Grgpbpeyps ™ = (g f)(2)
k=n
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For real or complex numbers a, b, ¢ other than 0, —1, -2, ..., the Gaussian hypergeometric
series is defined by

(@) (b)y &

BRI ®

5Fi(a,b;c;2) = Z

where
o1 (k=0;d € C\ {0}),
(A = d(d+1)...(d+k—-1) (keN;deC),

we note that the series (3) converges absolutely for all z € U so that it represents an analytic
function in U (see [8]).

With the aid of the Gaussian hypergeometric function ,F;(a, b;c;2), let us consider a
family of linear operators I ;’ 1 - @n(p) — o,(p) as follows:

o0
()x(A+ Pk k
2P+ Yy 2P
; (@i P
= 2P ,F(c,1;a;2) %2 ,F1(A+p,1; b;2)
(a,b,c ER\Zy;A>—p;z€U). 4)

1 (a,b;¢)f (2)

The operator [ ;, , was introduced and studied by Fu and Liu [3].
We note that:

@) Iil(a, n+1;a)f(z) =1I,f(z) (n> —1), where I, is the Noor integral operator of n — th
order [see 6];

(ii) Iil(u +2,1;1)f(2) = I,,f(z) (u > —2,4 > —1), where [, is the Choi-Saigo-
Srivastava operator [see 2];

(iii) I;‘,l(k +p+1,b;b)f(2) = F5,(f)(2z) (A > —p), where F, ,(f)(z) is the generalized
Bernardi-Libera-Livingston operator [see 2];

@iv) I[’}l(a, 1;0)f ()= Ig(a,c)f(z) (a,c eR\Z,,A > —p), where Ig(a,c) is the Cho—Kwon-—
Srivastava operator [see 1];

W) I;,l(n +p,c;0)f (2) = I,,,f(2) (n > —p), where I,, , is the Noor integral operator of
(n+p — 1) — th order (see Liu and Noor [4] and Patel and Cho [7]).

Also it is easily to show that [see 3]:

1 (@, 2+p;a)f (&) =1 (p+1,b;b)f (2) = f(2) and I, (a,p; )f () = zf;(z),
z (Ig’n(a, b;c)f(z))’ = (A+p)It(a, b;0)f (2) = ALY (a, b;c)f (2) )
and /
z (Iﬁn(a +1, b; c)f(z)) = alg’n(a, b;c)f(2) —(a _p)I;/},n(a +1,b;0)f (2). ©)

. 2 . . . . X
By using the operator I p’n(a, b; ¢), we define the following classes of functions:
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Definition 1. Let ® be the set of complex-valued functions ¢(r,s, t),
¢(r,s,t):C3> = C (C is the complex plane)
such that
1. o(r,s,t) is continuous in a domain D C C3;

2. (0,0,0) € D and |¢(0,0,0)| < 1;

3. [ (¢, £ (28, 6,p),8(.8,6,,M)) | > 1
whenever .
(e, f(2,£,0,p),8(2,¢,6,p,M)) €D,
with Re {e‘ieM} > (L —1), forall 6 €R, and for all { > p > 1, where
+ A\ .
g )619

f(ka C: eap) = (m

and .
A+ 1A +20e? + M

(A+p)A+p+1)
Definition 2. Let 52 be the set of complex-valued functions h(r,s, t);

g(A”G’e,p’M) =

h(r,s,t): C> = C
such that
1. h(rs,t) is continuous in a domain D c C3;
2. (1,1,1)eDand |g(1,1,1)| <J (J > 1);
3. [h (e, £ (2.¢, 0,00, 808, 0,p,0)) | 27

whenever _
(¢, F(1,2,0,p,0),8(2,¢,6,p,J, 1)) €D,

J—-1
with Re{L} > {({ —1) forall @ €eR and for all { > L where

1+{+(A+p—1)Je'
(A+p)

f(A,4,6,p,J) =

and

g(k’ C’ e)pJJ’L) =

—r2 i0
{2+C+(A+p_1)Jei9+C FCF+(A+p+1)lJe +L}

(7L+p+1) C_|_(A_+_p_1)Jei9
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2. Main Results

We recall the following lemma due to Miller and Mocanu [5].

Lemma 1. Let w(z) = a +w, 2" +... be regular in U with v €N. If zy = ryel® (0 <ry, < 1)

and |W(zo)| = me|1x |lw(z)|, then
|2]< |20

zow’ (29) = {w(zo) (7)
and .
w{1+M}zg, ®)
w'(zp)

where { is a real number and

[wzo)—al® _ |wlz)| - lal

B |W(ZO)|2 —lal* |W(Zo)| +lal ®
Note that if v = 0 then the condition (9) becomes { > v > 1.
Theorem 1. Let ¢(r,s,t) € ® and let f in the class .</,(p) satisfy
(I[’}’n(a, b; c)f(z),I;;;l(a, b; c)f(z),I;’:z(a, b; c)f(z)) eDcC? (10)
and
¢ (1@ bif @ @ b ()12, bio)f () | < 1 an
fora,b,c eR\Z;, A>—p, peNandz € U. Then we have
(@ bofe)] <1 eu). (12)
Proof. We define the function w by
w(z) = Iﬁn(a, b;c)f (z) (a, b,c eR\Zy;A>—p;p € N) (13)

for f belonging to the class .«f,(p). Then, it follows that w € .«f,(p) and w(z) # 0O for
z € U\ {0}. With the aid of (5), we have

1
A+1 . _ /
s (a,b;0)f(2) = G o) [2w'(2) + Aw(2) ] (14)
and *w'(2) + 2(A + Dzw'(2) + 2(A + Dw(z)
142 _ _zw’z+2 + Dzw'(z) + + Dw(z
Ip7n (a,b,c)f(Z)— (A,—I—p)(},%—p—l—l) . (15)
Suppose that z, = ryel® (0 <ry <1;0 €R) and

w(zy) = me|1x| lw(z)| =1. (16)

z|<|2o
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Then, letting w(z,) = e'® and using (7) of Lemma 1, we obtain

17, (@, b;0)f (z0) = €,

1 +2)
Ig";l(a, b;c)f (z0) = m [2ow’(20) + Aw(zg)] = Ei +p§ele
and
1 i /
FR@baf o) = o [ DO+ 2067 45w/ (a0)]
A+1DA+20e? + M
(A+p)A+p+1)

where M = z(z)w’ '(20) and { > p > 1. Further, an application of (8) in Lemma 1, gives
zow” (2 22w’ (z
Re —0,(0) =Re{ ——2 .(0) >{-1,
w'(z) Let®

Ref{e M} 2L -1) (BeR;{=1)

Since @(r,s,t) € ®, we also have

or

o (1.0 b @I @, b A (LI, b ()

= ‘90 (eie ekt _ [(A+1)(A+2C)eie+M])

> 5 >1
A+p A+p)A+p+1)

which contradicts the condition (11) of Theorem 1. Therefore, we conclude that

w(z)| = |1} (a,b;c)f ()| <1 (z€U).

This completes the proof of Theorem 1.

326

(17)

(18)

(19)

(20)

(21)

(22)

(23)

Corollary 1. Let ¢,(r,s,t) = s and let f € .o, (p) satisfy the conditions in Theorem 1 for

a,b,ceR\Z,, A>—p, peNandz €U. Then

14 (a, b; ¢)f (2)

<1(i=0,1,2,...;a,b,c eER\Z ;A > —p;p EN;z € U).
Note that ¢,(r,s,t) =s is in ®, with the aid of Theorem 1, we have

<l=

I;’n(a,b;c)f(z) I;;l(a,b;c)f(z) <1

=

I*i(a, b;c)f (2)

<1(i=0,1,2,...;a,b,c eR\Z;;A>—p;p EN;z € U).
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Theorem 2. Let h(r,s,t) € 7, and let f € ./, (p) satisfy

I (a,b;0f (2) [J+(a,b;0)f (2) I)+2(a, bse)f (2)
: ' , epcc? (24)
Iﬁ;l(a,b;c)f(z) Iﬁn(a,b;c)f(z) Iﬁ:l(a,b;c)f(z)
and
I (a,b;0)f (2) IIHMa,b;0)f (2) I)H2(a, bso)f (2) ; .
P10, b;0f () 17,(a,b;O)f (2) " I741(a, b;0)f (3) < (25)

forsomea, b, c, A, p, n, J (a,b,cER\Za;7L> L;p,neN;J > 1) and for all z € U. Then we

have
I (a,b;0)f )
I{},Zl(a: b:0f () <J (ze€l). (26)
Proof. We define the function w by
I (a,b;0)f (=)
we) = '21(a,b;0f (3) 27)

for f belonging to the class .«/,(p). Then, it follows that w is either analytic or meromorphic
in U, w(0) =1, and w(g) # 1. With the aid of the identity (5), we have

I ab;Of(x) 1 [1 e s zw’(z)} 08
= —Dw(z
I} (a,b;0f ()  (A+p) P w(z)
and
Ilﬁz(a,b;c)f(z) 1 2t Ot Dw )—I—ZW/(Z)
= — —Dw(z
PH(a,b;0f ) (A+p+1) P w(z)
/ ’ / 2
Ootp - Daw'E) + 353+ 558 - (55)
+ ; (29)
1+ (A +p - Dw(z) + 2
Suppose that z, = rye!?(0 < ry < 1;0 € R) and |W(ZO)| = mallxl |lw(z)| =J. Letting
[2]<|20
w(z) = Je'® and using Lemma 1 with a = v = 1, we see that
Ll b;df () 1 144 (1] 0
= —1)Je
1% (a,b;0)f (z0)  (A+p) P
and
PRabofe) 1

_ 72 _ i
{2+§+()L+p_1)Jei9+C F4+A+p—-1)Je +L}’

I2+1(a,b;c)f () (A+p+1) {+(A+p—1)Je

(31)
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z2w” (20) J—1

where L = ——— and { > ——. Further, an application of (16) in Lemma 1 gives
w'(2g) J+1

Re{L} = (¢ —1).
Since h(r,s,t) € 5, we have
, ( 1% (a,b;c)f (20) I+1(a,b;e)f (z0) I)F2(a,b; c)f(ZO)) ‘
1271 a, bse)f (20)” 17 (a,bse)f (20) " 1741 (a, b c)f (20)

N 1++A+p—1)Jet? 1
= e,
(A+p A+p+1

){2+§+(A+p—1)Jei9

_ 72 _ i0
(=0 +A+p—1)lJe +L}) - 52

{+(A+p—1)Jeif

which contradicts condition (25) of Theorem 2. Therefore, we conclude that

I7.(a,b;00f (2)
1@, b;0f (2)

lw(z)| = <J (33)

for some a,b,c € R\Z;,A>1,p,n€N,J >1 and for all z € U. This completes the proof of
Theorem 2.
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