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Abstract. In this paper, we introduce (a, 3, 5)—neighborhoods of analytic functions with negative
coefficients. Furthermore, we obtain some interesting results for functions belonging to this neighbor-
hoods.
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1. Introduction and definitions

Let 7 denote the class of functions of the form :

fl@)=2-— Z a,z", (a, = 0). (1

n=2

which are analytic in the open unit disk % = {z : |z| < 1}.For a function f(2) € &, we define

D°f(2) = f(2),
D'f(2) =Df (z) = 2f (),

and
D*f(z) = D(D*'f(2))

= Z—ananz" (keNy=NU{0}).

The differential operator D* was introduced by Sildgean [12].
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Following a recent investigation by Frasin and Darus [6] [see also 1], if f(z) € & and
u > 0, then we define the (k, u)-neighborhood for the function f(z) by

NI ={geT: @)=z~ byz", D 0" |a, —b,| <. @
n=2 n=2

In particular, for the identity function e(z) = z, we immediately have

o0 o0
N ={geT: g(x)=2— ) byz", Y n**|b,| <pl, (3)
n=2 n=2

We observe that t/VMo(f) = %(f) and %l(f) = //lu(f), where t/VMk(f) and .#,(f) denote,

respectively, the u-neighborhoods of f as defined by Ruscheweyh [11] and Silverman [13].
For further details about the neighborhood of analytic functions see (as examples) the papers
in[2,3,4,7,5,8,9].

Very recently, Orhan et al. [10], introduced new definition of (a, §)-neighborhood for
analytic function f(z) in the form

F@ =2+ a,", 4)
n=2

In this paper, we introduce the following new definition of (a, 3, 6)-neighborhood for a func-
tion given by 1.

Definition 1. A function f(z) € & is said to be (a, [3, 6)-neighborhood for
o0

g(z) =2 — Y, bz" € T if it satisfies
n=2

|e“(D¥f (2)) —eP(D*g(z))| <6 (ze %) (5)

forsome —n < a,Bf <mand 6 > \/2(1 —cos(a — 3)).
We denote this neighborhood by (a, 3,6) — A (g).

Now we show some results for functions belonging to (a, 3,6) — A (g).

2. Main results

In our first theorem, we introduce a sufficient condition to be in (a, 8,6) — A (g).

Theorem 1. If f(z) € T satisfies

e8]

an+1|eiaan_ei/a’bn| 55_\/2(1—c05(a—/3)) (6)

n=2

forsome —n < a,Bf <mand 6 > \/2(1 —cos(aa — f3)) then f(z) € (a,B,6) — N (g).
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Proof. We observe that

o0
|eia(Dkf(z))/ _ ei/a’(Dkg(z))/| —  |eia _ oif _ an+1(eiaan —oiB bn)zn—l

IA

00
ia _ 61[3’| + § nk+1 |ew‘an _ 61[3’ bn| |z|n—1

o0
< v/2(1—cos(a—B)) + anH |ei“an — bn| )
n=2

If

anﬂ |eiaan —elf bn| <6-— \/2(1 —cos(a — 3)),
n=2
then we have |eia(Dkf(z))’ - eiﬁ(Dkg(z))’| < 6 (z € %). This shows that
f(z)e(a,p,6)—AH(g).

Corollary 1. Let f(z) € . Then for 0 < u < 6, we have %k(g) C(a,a,6)— J/Sk(g).

Proof. Assuming that f(z) € %k(g). We find from the definition (2) that

00
E n al < u.
n=2
Now
00 00
E nk+1|elaan_e — E n+1|ela
n=2 n=2

o0
- S
0.

IA

Thus by Theorem 1, we have f(z) € (a,a,6) — A(g).

Corollary 2. If f(z) € T satisfies

o
S - o

n=2

16

(7)

forsome —n<a,B<m 6> \/2(1 —cos(a — f8)) and arga, —argbh, = —a (n=2,3,4,...),

then f(z) € (a,B,6) — A (g).
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Proof. Let arga, —argb, =8 — a and arga,, = 0,.. Then argb,, = 0,, + a — 3. Therefore,
eiaan _ eiﬁ bn — |an| ei(a+9n) _ |bn| ei(‘”e"),

which implies

el%q, —e'f bn| = | a,| — |b, (8)
From the hypotheses (7) and (8), we get (6). Thus by Theorem 1, it follows that
fz)e(a,p,6)— A (g).
Furthermore, from Theorem 1, we easily get

Corollary 3. If f(z) € T satisfies

o0

D 0k (Jay| + |ba]) < 8 — V/2(1 = cos(a — B)) ©)

n=2

forsome —n < a,f <mand 6 > \/2(1 —cos(a — fB) then f(z) € (a,3,6) — N (g).
Next, we prove

Theorem 2. Iff (2) € (a,8,6) — A (g) and arg(e®a, — b)) = (n— 1)y (n = 2,3,4,...),
then

[©9]

§ nk+1 |ew‘an _ 61[3’ bn
n=2

Proof. Let f(z) € (a,,0) — A(g) and argz = —p. Then for all z € %, we have

> 6 +cosa —cosf3. (10)

|eia(Dkf(z))/ _ ei/a’(Dkg(z))/| = |(el“—elf)— Z nk+1(eiaan — oiB b)z" 1
n=2

00
— (ela _ eiﬂ) _ Z nk+1 |elaan _ 61[3’ bn| el(n—l)(p |z|n—1 e—i(n—l)(p
n=2

|Z|n_1

00
— (ela _elﬂ)_znk—H |elaan_el[3’bn
n=2

o0
(s cosp) - S5t ema, -

n=2
(sina — sinﬁ)z) 12
< 0

for z € 9. This implies that

o0
(cosa —cos B) — anH |eiaan —eif bn| 2"t <&
n=2
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for z € %. Letting |z| — 17, we have

o0
anﬂ |e“"an —efb,| > &+ cosa — cos .
n=2

Finally, we prove

Theorem 3. If f(2) € T satisfies

00

an-i-l le®a, — e b,| < p— /2(1 - cos(a — B))

n=2

forsome —n < a,fB < mand u > \/2(1 —cos(a — 3)), then

Re (M) -0
e!P(D*g(2))
where g(z) € </V1k_“(e).

Proof. Note that

v/2(1 = cos(a — ) + io: nk+1 |eiaan —
n=2

18

(11

(12)

ePb,

(D E)
P (DFg(z)Y 1 S ki
n=2

v/ 2(1 — cos(a — B)) + io: nk+1 |ei“an -
n=2

<

ePb,

U

Hence by the condition (11), we have

e'*(D*f (2))
— 1| < 1.
e (D*g(2)Y
This evidently proves Theorem 3.
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