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Sequentially pure monomorphisms of acts over semigroups
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Abstract. Any notion of purity is normally defined in terms of solvability of some set of equations. In
this paper we first take this point of view to introduce a kind of purity, called sequential purity, for
acts over semigroups (which is of some interest to computer scientists, too), and then show that it is
actually equivalent to C?-purity resulting from a closure operator.

The main objective of the paper is to study properties of the category of all acts over a semigroup
with respect to sequentially pure monomorphisms. These properties are usually needed to study the
homological notions, such as injectivity, of acts.
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1. Introduction and Preliminaries

To study mathematical notions in a category .o/ with respect to a class . of its morphisms,
one should know some of the categorical properties of the pair (., .#).

One of the very useful categories in many branches of mathematics, as well as in computer
sciences, is the category Act-S of sets with a right action of a semigroup S on them. In
this paper we take ./ to be this category and ./, to be a particularly interesting class of
monomorphisms, to be called sequentially pure, and investigate its categorical properties. First
we give the following preliminaries needed in the sequel.

1.1. The category of acts over semigroups

First recall the following, for example from [13] or [5]. Let S be a semigroup and A be a
set. If we have a mapping
u: AXS—A
(a,s) — as = u(a,s)
such that a(st) = (as)t fora €A, s,t €S, we call A a (right) S-act or a (right) act over S.

If S is a monoid with an identity 1, we usually also require that al = a for a € A.
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In fact, an S-act is a universal algebra (A, (us);es) Where each u, : A — A is a unary
operation on A such that u, o u, = u,, for each s, t €S, and u, =id, if S has an identity 1.

An element a of an S-act A is called a fixed or a zero element if as = a for all s € S. Note
that one can always adjoin a zero element to A and get an act A° = AU{0} with a zero element.

Let A be an S-act and A’ € A. Then A’ is called a subact of A if a’s € A for all s € S and
a’ € A'. Note that the semigroup S can itself be regarded as an S-act with its multiplication as
its action. A subact of the S-act S is called a right ideal of the semigroup S.

A homomorphism (also called an equivariant map, or an S-map) from an S-act A to an
S-act B is a function from A to B such that for eacha € Aand s €S, f(as) = f(a)s.

Since id, and the composition of two equivariant maps are equivariant, we have the cate-
gory Act-S of all (right) S-sets and S-maps between them.

Recall that to every semigroup S without an identity one can adjoin an identity 1 by setting
1s =s =s1 for all s € S and get an S-act denoted by S*.

As a very interesting example, used in computer sciences as a convenient means of alge-
braic specification of process algebras (see [7,8]), consider the monoid (N®,-), where N is
the set of natural numbers and N® = N U {oo} with n < 00,Vn € N and m - n = min{m,n}
for m,n € N*°. Then an N*-act is called a projection algebra or a projection space (see
also [11,14]).

1.2. Some ingredients of the category Act-S

In this subsection we give some categorical and algebraic ingredients of Act-S needed in
the sequel.

Since the class of S-acts is an equational class, the category Act-S is complete (has all
products and equalizers). In fact, limits in this category are computed as in the category Set
of sets and equipped with a natural action. In particular, the terminal object of Act-S is the
singleton {0}, with the obvious S-action. Also, for S-acts A, B, their cartesian product A X B
with the S-action defined by (a, b)s = (as, bs) is the product of A and B in Act-S.

Recall that for a family {A, : a € I'} of S-acts each with a unique fixed element 0, the direct
sum @, A, is defined to be the subact of the product [ [ ., A, consisting of all (a,)4e; such
that a, = 0 for all a € I except a finite number of indices.

The pullback of a given diagram

A
Lf
c % B

in Act-S is the subact P = {(c,a) : c € C,a € A, g(c) = f(a)} of C x A, and pullback maps
pc: P — C, ps: P — Aare restrictions of projection maps. Notice that for the case where g is
a monomorphism, P can be taken as (isomorphic to) f ~(C).

All colimits in Act-S exist and are calculated as in Set with a natural action of S on them.
In particular, @ with the empty action of S on it is the initial object of Act-S. Also, the coproduct
of two S-acts A, B is their disjoint union ALIB = (A x {1}) U (B x {2}) with the action of S on
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AL B defined by (a,1)s = (as,1), (b,2)s = (bs,2) fors € S, a € A, b € B. The coproduct
AU {0} is denoted by A°.

Definition 1.1. Let A be an S-act. An equivalence relation p on A is called an S-act congruence
on A if apa’ implies aspad’s for a,a’ € A, s € S. The right action making A/p an S-act is
defined by [a]s = [as].

For H C A x A, the congruence generated by H, that is the smallest congruence on A con-
taining H, is denoted by p(H).

For a subset H of A X A let H® be the equivalence relation generated by H and
H® = {(as,bs):(a,b) €H,s €S}
Then we have:
Lemma 1.1. Let A be an act over a semigroup S and H CA X A. Then p(H) = (H UH®)".

Proof. It is enough to show that the equivalence relation (H U H®)® is a congruence. Sup-
pose that x(HUH®)®y and s € S. Then x =y, and so xs = ys, or there exist z,, ...,2, € Asuch
that x = 2,y = 2, and (2;,2;41) € (HUH®) U (HUH®)"!. Then we also have (z;s,2;,15) €
(HUH)U(HUHS™.

Corollary 1.1. Let H € Ax A and p = p(H). Then, for a,b € A, one has apb if and
only if either a = b or there exist pP1,P2,-->Pn>q1>925 -->qn € A,51,59,--,S, € S! where for

i=1,..,n,(p;,q;) €HUH™L, such that a = pys1,q151 = P52, 252 = P3535 -0 Sy = b.

The pushout of a given diagram

0q
O« >
=
o]

in Act-S is the factor act Q = (BUC)/6 where 0 = p(H) and H consists of all pairs (ugf (a),ucg(a)),
a €A, whereug : B— BUC, u. : C — BLC are coproduct injections. Also, the pushout maps

are given as q; = nuc : C — (BUC)/0, g, = mug : B— (BUC)/H, where t : BUC — (BUC)/6

is the canonical epimorphism. Multiple pushouts in Act-S are constructed analogously.

Recall that a directed system of S-acts and S-maps is a family (B,),c; of S-acts indexed
by an updirected set I endowed by a family (g,p : B, — Bg)q<per of S-maps such that given
a < <yelwehave gg,8,p = &ay> als0 g4, = id. Note that the direct limit (directed
colimit) of a directed system ((By)aes,(8apla<per) in Act-S is given as lim,B, = [1,Ba/p
where the congruence p is given by b,pbg if and only if there exists y > a, 8 such that
U, 8qy(by) =u,gp,(bg), in which each u, : B, — [ 1, B, is an injection map of the coproduct.
Notice that the family g, = nu, : B, — lll}aBa of S-maps satisfies gggqp = g, for a < f3,
where 7 : [ [, B, — li_)maBa is the natural S-map.



H. Barzegar and M.M. Ebrahimi / Eur. J. Pure Appl. Math, 1 (2008), (41-55) 44

The left and the right adjoints F and H, respectively, of the forgetful functor U: Act-S
— Set exist and are defined as follows:

The free functor F:Set — Act-S is defined by: F(X) = X x S! with the S-action given by
(x,t)s = (x,ts), fort €S, s €S, x €X, and for everymap f : X — Y in Set, F(f)=f x id :
XxSt—vyxsh

The existence of free S-acts, in particular on the singleton set, shows that an S-map is
a monomorphism if and only if it is one-one. Therefore, we do not distinguish between
monomorphisms of acts and inclusions.

The cofree functor H : Set — Act-S is defined by HX = X Sl, the set of all functions from
S! to the set X, with the action of S on xS given by (fs)(t) = f(st) for f € XSl,s € S, and
t € S'. Also, for a function h : X — Y, H(h) : XS - v5" is defined by (Hh)(f) = hf for
fexs.

Since a left adjoint preserves colimits, the functor U preserves epimorphisms. So, epimor-
phisms in Act-S are exactly onto S-maps.

2. Sequentially Pure Monomorphisms

Any notion of pure monomorphisms is normally defined in terms of solvability of some
set of equations. In the following we first consider this point of view to define a kind of
pure monomorphisms, which is also of interest to computer scientists, which we are going to
study their behaviour in this paper, and then show that they are actually equivalent to C?-pure
monomorphisms resulting from a closure operator on the category Act-S.

2.1. Sequentially pure monomorphisms

In [10, 14,16], it is shown that the equations with constants from an S-act A are of one
the following three types:
Xs=yt, Xs=xt, xs=a

where s, t € S,a € A. Here we are concerned with the equations of the type xs = a only.
Gould in [10] defines an a-system of equations on an S-act A to be
L={xsj=a;:j€J,|[J|<a,s;E€S,a; €A}

in which s; = s; need not imply a; = a;. But, note that if for any s € S there exist two
equations of the form xs = a;, xs = a, in ¥ and X has a solution b in some extension B of A,
then a; = a,. So, for a system X of equations to have a solution there can only be at most
one equation xs = a in X for each s € S. Therefore, X should actually be taken of the form
Yr=1{xs=a,:teTa €A} for some T CS. Hence, for any fixed T C S, there is a one to
one correspondence between the set of all systems of equations of the above form on an S-act
A and the set of all functions k : T — A. In fact, to each system of equations Xy we get the
function ky, : T — A given by k(t) = a, and conversely, for any function k : T — A one has the
system of equations ¥ = {xt = k(t) | t € T} on A. Thus we have the following definition.
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Definition 2.1. (1) Let T be a subset of S and Abe an S-act. Any X = {xs =a, : t € T,a, € A}
(or, equivalently, a map k : T — A ) will be called a T-system of equations (or a T-sequence) on
A.
(2) We say that a system % (or k : T — A) is solvable in an extension B of A if there is
some b € B such that bt = a, (or k(t) = bt) for all t € T; that is, k = A}, where A,(t) = bt.
(3) We say that a system X (or k : T — A) is consistent if it has a solution in some
extension B of A.

Now, we are going to show that we should actually only consider just I-sequences for
an ideal I of S rather than any T-sequence for any subset T of S. Note that, although an
I-sequence k : I — A is just a function and not necessarily a homomorphism, we have the
following:

Theorem 2.1. Let I be an ideal of S and A be an S-act. Then the following are equivalent for an
I-sequence k : I — A:

(1) k:1I— Aisahomomorphism.

(2) k:I — Ais a consistent map.

(3) The system ¥ = {xs = k(s)| s € I} is a consistent system.

Proof. (1)=(2) Let k : I — A be a homomorphism. Let E be an injective S-act containing
A (see [13]). Considering the extension I' of I, k can be lifted to k : I' — E. Now it is easily
seen that k = A, where x = k(1) € E, and so k is consistent.

(2)=(1) Let k be a consistent map. So, there exist an extension B of A and b € B such
that k = A3, which is in fact a homomorphism.

The equivalence of (3) and (2) follows just from the definition.

Corollary 2.1. A T-system % = {xt = a,| t € T} (or a T-sequence k : T — A) is consistent if
and only if k : TS* — A defined by k(ts) = a,s for t € T,s € S is a “well defined" equivariant
map.

Proof. Clearly % = {xt = a,| t € T} is consistent if and only if 3; = {x(ts) = a,s| t €
T,s € S'} is consistent. Now, since TS! is a right ideal of S, the latter is true by the above
theorem if and only if k : TS' — A with k(ts) = a,s is a homomorphism.

The above corollary shows that, as long as consistent systems of equations are concerned,
we may as well consider only equivariant maps k : I — A from a right ideal I of S to A rather
than functions from an arbitrary set T to A. In particular, we take I to be S itself and have the
following:

Definition 2.2. Let A be a subact of B. We say that A is sequentially pure or s-pure in B if any
one of the following equivalent conditions hold:

(1) Every . = {xs = a, : s €S, a, € A} is solvable in A whenever it is solvable in B.

(2) For every b € B with bS C A there is an element a € A such that A, = A,; in the sense
that bs = as for each s € S.

(3) Every homomorphism k : S — A is of the form A, for some a € A whenever it is of the
form A for some b € B.

A monomorphism f : A— B is said to be s-pure if f (A) is s-pure in B.
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The following is a simple fact which will be used later:

Lemma 2.1. For every S-acts A and B, we have:
(1) Ais s-pure in AUB.
(2) Aiss-purein A°.

Remark 2.1. Note that one may say that a subact A of an act B is finitely pure in B if for every
finite subset T C S, the system Xy with constants from A has a solution in A whenever it has a
solution in B. Clearly, if S is finitely generated, say by T, then by Corollary 2.1, finite (or even
T-) purity implies s-purity. But, the converse is not true: Consider the semigroup S = {1, a, b}
in which 1 is a left identity and a, b are zero elements. Then A = {a, b} is an s-pure subact
of S, but the finite system ¥ = {xa = a,xb = b} having solution 1 in S does not have any
solution in A.

2.2. Sequential purity versus C?-purity

In this subsection we introduce a closure operator which is closely related to sequential
purity defined above. We are not going to fully investigate the properties of this closure
operator as in [4]. First recall the following definition of a categorical closure operator from
[3]. Denoting the lattice of all subacts of an S-act B by Sub(B), we have:

Definition 2.3. A family C = (Cg)geact—s, With Cz : Sub(B) — Sub(B), taking any subact
A < B to a subact Cz(A) (or C(A), if no confusion arises) is called a closure operator on Act-S
if it satisfies the following:

(1) (Extension) A< C(A),

(cy) (Monotonicity) A; <A, < B implies C(A;) < C(A,),

(c3) (Continuity) f(Cg(A)) < Cc(f(A)) for all morphisms f : B — C.

Now, one has the usual two classes of monomorphisms related to any closure operator as
follows:

Definition 2.4. Let A < B be in Act-S. We say that A is C-closed in B if C(A) = A, and it is
C-dense in B if C(A) = B. Also, an S-map f : A — B is said to be C-dense (C-closed) if f(A) is
a C-dense (C-closed) subact of B.

Now we recall the following closure operator needed in the sequel and has been studied
in [4] and used in [6,9,14] to study a kind of injectivity.

Definition 2.5. For any subact A of an S-act B, define a closure operatorC? by
Cl(A)={beB:bS CA}

Now, note that A is C?-dense (or simply s-dense) in an extension B of A if Cd(A) = B, that
is, for every b € B, bS C A.

Notice that in the case where S is a monoid, C¢(A) = A for every A < B. So, it is more
interesting to consider the closure operator C? only for semigroups, or for semigroup part S
of monoids of the form T = S?.

We now introduce and study another closure operator on Act-S which will be shown to be
closely related to sequential purity.
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Definition 2.6. The sequential pure closure operator CP on Act-S is defined as
CP(A)={beB:JaecA A, =2}
where A, : S — Ais defined by A,.(s) = xs.

Now, note that A is CP-dense in an extension B of A if C?(A) = B (this means that for every
b € B there is an a € A with A, = A,; that is, bs = as for every s € S). And A is CP-closed in B
if CP(A) = A (that is, for every b € B — A and a € A there is an s € S with bs # as).

Notice that CP-closedness is preserved by inverse image of S-maps and CP-denseness is
preserved by images of onto S-maps.

Some easily proved properties of this last closure operator is stated in the following:

Lemma 2.2. C? is: (1) a closure operator, (2) idempotent, (3) hereditary; for C < A < B,
Cg (A) = Cg (C)NA, (4) weakly hereditary; every A < B is CP-dense in Cg (A), (5) grounded;
CP(0) =0, (6) additive; CP(AUC) = CP(A)UCP(C), (7) fully additive; CP(| ;A1) = Ui; CP(AY),
8 Cﬁ(ﬂAi) <N Cf; (4)), (9) productive; for every family of subacts A; of B;, taking A= [, A
and B=[],B;, Ch(A) =1, c};l_ (Ap.

And, some of the properties that C? does not satisfy in general are:

Lemma 2.3. For any semigroup S,CP is not: (1) discrete; Cg (A) = A for every S-act B and
every A < A, (2) trivial; Cg (A) = B for every B and every A < B, (3) minimal; for C <A< B,
CP(A)=AUCE(C).

Proof. Let 0 € A be a fixed element of A, and adjoin two elements 6, w to A with actions
ws = w and Os = 0. Then Cg(A) =AuU{6} where B=AU {60, w}. Hence C? is neither discrete
nor trivial. Also, it is not minimal. Because, adjoining two elements 6, w to an S-act C with
actions ws = 0 and Os = 6, and taking A= CU {0}, B=CU {0, w}, we get C CA C B, and
Cp(A) = B while C5(C) =C.

Another monomorphism which corresponds to this closure operator, and is of main interest
in this paper, is defined as follows:

Definition 2.7. An S-act A is said to be CP-pure in an extension B of A if C’(A) =C dcA).

Remark 2.2. Let A; be a family of subacts of A,
(1) If ()4, is s-pure in A then C5((A4;) = CZ (A).
(2) If for every i €I, A; is s-pure in A and C}([A;) = CL(4;) then (4, is s-pure in A.

Note 2.2. For A < B, we have A < CP(A) < C4(A) < B. So, if A is CP-dense in B, then
CP(A) = C%(A) = B and so A is C?-dense as well as CP-pure. Similarly, if A is C¢-closed in B,
then A= CP(A) = C%(A) and hence A is CP-closed as well as CP-pure.

The following result, the proof of which is straightforward, is what we promised in the
beginning of this section.
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Theorem 2.3. The following are equivalent:
(1) Ais s-purein B.
(2) Ais CP-pure in B.

Lemma 2.4. (1) Any retraction is s-pure.
(2) Any CP-dense monomorphism is a retraction.

Proof. : (1) LetA— B LA= id, be a retraction and S AA — B = A, for some b €B. It
is clear that k = A,(3).

(2) Let A< B be a CP-dense subact. Then, by ?? it is CP-pure as well as C¢-dense subact.
So, for every b € B there exists a;, € A such that 4, = A,,. Now, for every b € B — A choose
and fix such an a; € A. Define © : B— A by

(x) = x, ifxeA
TX) = a,, ifx¢A

Then, clearly 7 is a retraction. It is a homomorphism because it is a homomorphism on A, and
forx e B—A,s €S, we have xs € A and so (xs) = xs = a,s = w(x)s.

3. Categorical Properties of s-Pure Monomorphisms

In this section we investigate the categorical and algebraic properties, regarding compo-
sition, limits, and colimits, of the category Act-S with respect to the class ./, of sequentially
pure monomorphisms. We have divided the section into three subsections as follows:

3.1. Composition properties of s-pure monomorphisms

In this subsection we investigate some properties of the class ./, which are mostly related
to the composition of pure monomorphisms. These properties and the ones given in the
next two subsections are what normally used to study injectivity with respect to a class of
monomorphisms (see [1,17])

Lemma 3.1. The class M, is:

(1) Isomorphism closed; that is, contains all isomorphisms and is closed under composition
with isomorphisms.

(2) Composition closed; that is, if f : A— B and g : B — C belong to .#,, then gf also
belongs to M,.

(3) Left cancellable; that is, if gf € M, then f € M,

Proof. We just prove (2), which may be less clear. For convenience and without loss of

. . . . k f
generality, we consider f and g to be s-pure inclusions. Let S - A< B Se= A, for some
c € C. Since g is s-pure, there is an element b € B such that fk = A;. Now, the s-purity of f
provides an element a € A with k = A,.
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Theorem 3.1. The following are equivalent:

(1) S has a left identity.

(2) Every monomorphism is s-pure.

(3) Siss-purein st

(4) A, is right cancellable; that is, for monomorphisms f and g, if gf is s-pure then g is
s-pure.

(5) For morphisms f and g, if f is an s-pure monomorphism, g is an epimorphism, and g f
is a monomorphism, then gf is s-pure. CATEGORICAL PROPERTIES OF

Proof. (1)=(2,3,4,5): Clearly if S has a left identity, then every monomorphism is s-pure.
So, (1) implies (2), (3), (4), and (5).

(2)=(3) is clear.

(3)=(1) Since 1 € Cgl(S), there exists e € S with A, = A;. This shows that e is a left
identity of S.

(4)=(3) Use the fact that the empty set is s-pure in every right S-act, and apply (3) to

foo & 1

>SS,

(5)=(3) Consider the natural homomorphisms S Ssust 5ost By Lemma 2.1, 7 is
s-pure. Since 7 is an epimorphism and 77 (the inclusion map) is one-one, by (5), 7T is
s-pure.

As the above theorem shows, .#,, is not generally right cancellable. But for some semi-
groups, regardless of having a left identity, some special monomorphisms may be cancelled
from the right. See the following:

Lemma 3.2. IfS> =S, f : A< B and g : B C are monomorphisms, f is s-dense, and gf is
s-pure, then g is s-pure.

Proof. Without loss of generality, we again assume that f and g are inclusions. Let c € C
be such that ¢S € B. So, since f is s-dense, we get (cS)S € A. Now, since S2 = S and gf is
s-pure, we get an a € A C B with A, = A, which proves that g is s-pure.

Definition 3.1. Let & be a class of homomorphisms. We say that Act-S has (&, .#,,) diagonal-
ization property if for any commutative diagram

e

A — B
fl lg
¢ 5 D

with e € & and m € .#,, there exists a unique diagonal S-map d : B — C such that de = f and
md = g.

Proposition 3.1. Act-S has (&, .#,) diagonalization property, for & the class of all epimor-
phisms.
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Proof. Consider the diagram given in the above definition. First, we see that Ker e C Ker f.
Let e(a) = e(a’) and so ge(a) = ge(a’). Thus, mf(a) = mf(a’), and so f(a) = f(a’), since m
is a monomorphism. Then, by The Decomposition Theorem (which holds since S-acts form an
equational class), there exists a unique S-map d : B — C with de = f (given by d(b) = f(a),
where e(a) = b). It is also easily seen that md = g.

Recall that a category is said to have unique (&, .#) factorization property if every mor-
phism f can be uniquely represented as f = me with e € & and m € .4, where &, .# are
some classes of morphisms.

Remark 3.1. Act-S does not generally have unique (&, .#,,) factorization property, where & is
the class of all epimorphisms. To see this, let S be a semigroup that does not have a left iden-
tity. Then, by Theorem 3.1, S is not s-pure in S'. On the contrary, let the inclusion morphism
7 :S — S! have an (&, M, )-factorization S 5 A5 St Since me is a monomorphism, e is a
monomorphism and hence an isomorphism. Thus, T = m is s-pure which is a contradiction.

3.2. Limits of s-pure monomorphisms

In this subsection some of the categorical properties of s-pure monomorphisms related to
limits are studied. The proof of the following is straightforward.

Proposition 3.2. (1) ., is closed under products.
(2) Let {f, : A — B,la € I} be a family of s-pure monomorphisms. Then their product
homomorphism h: A— [ | ae] B 18 also an s-pure monomorphism.

Note that the above result (2) is also true whenever for some (not necessarily all) a € I,
f, is an s-pure monomorphism.

Lemma 3.3. In Act-S, pullbacks transfer s-pure monomorphisms if and only if S has a left
identity.

Proof Necessity: By Theorem 3.1, it is enough to show that S is s-pure in S'. Let E be
an injective S-act and O be a zero element of E (see [13], Lemma III.1.7). Adjoin an element
6 to E and define Os = 0 for all s € S. Then, E is clearly s-pure in E® = E U {f}. Taking a
homomorphism f : §! — E? given by f(s) = 6s (s € S') we have the pullback diagram:

s - s!
fl Lf
E — E°

where 7, 7/ are inclusion morphisms. Then, since 1’ is s-pure, we get that S is s-pure in S!,
by the hypothesis.

Sufficiency: Let S have a left identity. In this case, by Theorem 3.1, every monomorphism
is s-pure and pullbacks clearly preserve monomorphisms.
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Proposition 3.3. Let {f, : A — B,|a € I} be a source of s-pure monomorphisms. Then the ho-
momorphism f :A— {i_mBa (existing by the universal property of limits) is an s-pure monomor-
phism.

Proof. Itis clear that f is one-one, because so is every f,. Also, if k : S — Ais an S-map with
fk=A, for some x € limB,, then for every a fok = o fk = Ay (x), where 7, : limB, — B,
is a limit morphism. So, k = A, for some a € A, since f, is s-pure.

Note that, the above result is also true whenever for some (not necessarily all) a €I, f, is
an s-pure monomorphism.

3.3. Colimits of s-pure monomorphisms
In this subsection we investigate the colimit properties of s-pure monomorphisms.
Proposition 3.4. The class M), is closed under coproducts.

Proof. Let {f, : Ay — B,la € I} be a family of s-pure monomorphisms and f : [ [A, —
1 I B, be the coproduct (mono)morphism induced by all f,. Let k : S — | [ A, be a homomor-
phism such that fk = A, for some b € [ [ B,. Since b € B, for some a €I, k(S) € B, and so
k(S) S A,. Since A, is s-pure in B,, k = A, for some a, €A,, which proves the result.

In the following proposition, suppose that every A, has a fixed element O.

Proposition 3.5. (1) The class #,, is closed under direct sums.
(2) If S is a finitely generated semigroup, then @A, is s-pure in [ [ ;A4

Proof. (1) Let {f, : A, — B,la € I} be a family of s-pure monomorphisms, and f :
@A, — ®B, be the monomorphism induced by the product of f,,s. Let k : S — @A, be a
homomorphism such that k = A;, for some b = (b,),er € ®B,. Let J be a finite subset of I
such that for all a € J, b, = 0. So, for every 8 € J, fgpgk = Abﬂ, where pg : ]_[Aﬁ — Ag is
the projection map. Since each fg is s-pure, there exists ag € Ag such that pgk = 4, 5 Thus,
k=A@, where foralla ¢ J, a, =0.

(2) Let k : S — @A, be a homomorphism with k = A, for some a = (a,),e; € | [Aq, and
S = U?thisl. So, since k(t;) € ®A,, at; = (a,t;)qes € PA,. Thus, for every i there exists a
finite subset J; of I such that for every a & J;, a,t; = 0. Now considering the finite subset
J=J_,J; SIand

p =] G ifaelJ
o 0, ifagJ”’

it is clear that k = A}, for b = (b)) ge;-

Theorem 3.2. For the following pushout diagram in Act-S, we have:
(1) If f is a monomorphism then h is a monomorphism.
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(2) If f is s-pure then h is s-pure.
f

A — B
gl LK
c L g

Proof. (1) Recall that Q = (B LU C)/6 where 8 = p(H) and H consists of all pairs
(ugf(a),ucg(a)), a € A, where ug : B— BUC, uc : C = BLC are coproduct injections.
And h=rmu; :C — (BUC)/O, W =nug : B— (BUC)/6, where m : BUC — (BLC)/0 is
the canonical epimorphism. Let h(c) = h(c’), ¢,c’ € C, and so uq(c)p(H)uc(c¢’). Thus c = ¢/,
and the result is proved, or there exist a;, a,, ...a, €A, 51,55, ...,s, € S! such that ¢ = g(a;s;),
g(a,s,)=c’, and

f(alsl) = f(azsz) °t 'f(an—lsn—l) = f(ansn)
g(aysy) = glagss)

and then, the fact that f is a monomorphism gives
aA181 = A989,d353 = UA4S4, -+, Ap_1Sp—1 = ApSp-

Thus, we get
g(ass1) = glagsy) = glasss) = = glaysy,)

and hence c = ¢’.

(2) Let k : S — C be a homomorphism such that hk = A, for some x € Q. Two cases
may occur: (i) there exists ¢ € C such that x = [u¢(c)], ). Therefore, hk = A, = Ay and
hence k = A, since h is one-one. (ii) there exists b € B such that x = [ug(b)] ;). For every
s €8, [uc(k(s))]pm) = [ug(bs)] ), and so there exist elements aj, -, a;, in A such that
up(bs) = upf (a}), ucg(a)) = ucg(ay), upf(a@}) = upf(ay), - ,ucg(al) = uc(k(s)). Then,
since f is a monomorphism, a3 = a3}, a; = a3, - -+, and hence ucg(aj) = ucg(al) =ucg(a3) =
<+ =ucg() =uc(k(s)). Now, for all s € S, bs = f(aj) € f(A), and thus there exists k; : S —
Awith ky(s) = aj, and so fk; = A;. Then, since f is s-pure, there is an element a € A such that
ki = A,. Therefore, f(a}) = f(k;(s)) = f(as) and so hg(a3}) = h'f(a}) = h'f(as) = hg(as)
which, since h is a monomorphism, yields k(s) = g(a3}) = g(as) = g(a)s, thatisk = A and
h is s-pure.

g(a)>

Theorem 3.3. Let I be a directed set which has a maximal element v and {h, : A, — B,| a € I}
be a directed family of s-pure monomorphisms. Then, the directed colimit homomorphism induced
by h: li_rr)lAa — lll}Ba is s-pure .

Proof. Let (limA, fo), (limBg, g,) be direct limits of the directed systems ((Aq), (Y op))a<per
and ((Bg), (Pap)la<per and suppose {h, : A, — B,| a € I} is a directed family of s-pure
monomorphisms such that for every a < 8, fgY,p = f, and ggp,p = &4 Then, for
every a < 8, gghgap = 8p¥Papha = &ala> SO h = li_r)nha exists by the universal prop-
erty of colimits. Consider lll)nAa = A,/p and hl)nBa = B,/p’ as defined in section 1. Let
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hla,], = hlagl,. Then, [h,(ay)], = guhala,) = gghglag) = [hg(ag)],s, and so there ex-
ists y €I with y > a, 8 and ¢, h,(a,) = v hglag) which implies that [a,], = [ag],, and
so h is a monomorphism.

Now, let k : S — limA, be a homomorphism such that hk = )L[ba]p/ and fors € S, k(s) =

laq 1p, aq, €A. Notice that y > a, ay, for s € S, and define k; : S — A, by ky(s) = ¢4 y(aq,)-

Then, since fykl(s) = fywas}/(aas) = fas(aas) = [aas]p = k(s) and fykl(St) =k(st) = k(s)t =
fykq(s)t, it follows that k; is a homomorphism, since f, is a monomorphism. Now, for every
seSs,

gyhykl(s) = hfykl(s) = hk(s) = [ba]s = ga(bg)s = gy@ay(bas)

and then, since g, is a monomorphism, we have h, k; = Away(ba)' But, h, is s-pure and so
ki = A, for some a € A,. Hence k = kfy(a), because f, k; = k.

Corollary 3.1. Let I be a directed set which has a maximal element y and {h, : A— B,|la € I}
be a directed family of s-pure monomorphisms. Then, the directed limit (colimit) of h,,s is s-pure.

Proof. Leth:A— lll)naBa be a direct limit in Act-S of s-pure monomorphisms h, : A — B,
a €1, and consider g, : B, — li_)maBa as in the definition. Recall that h = lll}aha =gh, =
gohq = gghg =.... Itisclear thath: A — li_)maBa is a directed colimit of the directed family

fhy 1id : Ay > A, | a €1 —{y},A, = A}. Then, apply the above theorem to complete the
proof.

Another condition which gives the above result is finitely generatedness of semigroup:

Theorem 3.4. Let I be a directed set and S be a finitely generated semigroup. Then, the category
Act-S has M,-directed colimits.

Proof Leth:A— lll)naBa be a direct limit in Act-S of s-pure monomorphisms h, : A — B,
a €1, and consider g, : B, — li_)maBa as in the definition. Recall that h = ll)naha =gh, =
goha =gphp=.... LetS = U?:ltisl and k : S — A be an S-map such that hk = A, 3. Then,
for every 1 <i < n, [hok(t;)] = [byt;], and so there exist y; € I such that v, (hek(t;)) =
Yoy, (bgt;). Now, let y = max{yq,---,7,} and so for every s € S, h,(k(s)) = ¥4, (by)s. Then,
since h, is s-pure, k = A, for some a € A.

We say that multiple pushouts transfer s-pure monomorphisms if in multiple pushout

hy . . .
(BA, — P) of a family of s-pure monomorphisms {f, : A— A,|a € I}, every h,, a € I, is an
s-pure monomorphism.

Theorem 3.5. Multiple pushouts transfer s-pure monomorphisms.

Proof. Let (BA, L P) be the multiple pushout of the family {f, : A — A,|a € I} of s-pure
monomorphisms. We know that P = | [A,/p(H) where H = {(fe(@), fg(a)) |a €A a,B T}
(we have taken the image of each element A, under coproduct morphisms equal to itself).
Let hy(a) = hy(a’), a,a’ € A,, and so there exist pq,Pa,.ees P> q1>G25 > dn € AyS1559, 4,8y €
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S! where for i = 1,...,n,(p;,q;) € HUH™! and such that a = p;s1,q15] = P2y, QaSy =
P353,.-,qnSy = @’. Then, a = f,(a;)s; and there exists § € I such that fg(a;)s; = fg(ay)s,.
Then, since fg is a monomorphism, a;s; = a,s,. Continuing this process we get that a;s; =
aySy = ... = a,s,, and therefore a = a’. Now, let k : S — A, be a homomorphism such that
hok = Afp1. If p €A, then, since h, is a monomorphism, k = A,,. If p € Ag, 8 # a, then for
every s € S, ps = fg(a;)s; and thus for every s € S, ps € fg(A). So, there exists a € A such
that k = A‘fﬁ(a)'

Corollary 3.2. Every multiple pushout of s-pure monomorphisms (the diagonal maps on the
multiple pushout diagram) is an s-pure monomorphism.

Proof. Apply Lemma 3.1(2) and the above theorem.

Definition 3.2. The category Act-S has:

(1) ,-bounds if for any small (and non-empty) family (h, : A — B,)4er Of #,-morphisms
there is an .#,-morphism h : A— B which factorizes through all h,,s.

(2) M,-amalgamation property if in (i) h factorizes through all h,,s by .#,, maps.

The above corollary gives that:

Proposition 3.6. Act-S has .#,-amalgamation property and so also has #,-bound.
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