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Bounds for the Topological indices of p graph
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Abstract. Topological indices are mathematical measure which correlates to the chemical struc-
tures of any simple finite graph. These are used for Quantitative Structure-Activity Relationship
(QSAR) and Quantitative Structure-Property Relationship (QSPR). In this paper, we define op-
erator graph namely, p graph and structured properties. Also, establish the lower and upper
bounds for few topological indices namely, Inverse sum indeg index, Geometric-Arithmetic index,
Atom-bond connectivity index, first zagreb index and first reformulated Zagreb index of p-graph.
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1. Introduction

The topological index thought came out in 1947 from work done by Harold Wiener
while he was working on boiling point of paraffin and he named this index as path number,
now it is renamed as Wiener index [3]. Since then many other topological indices have been
defined and studied. Topological indices are numerical invariants that are associated with
the topological characterization of a compound. Topological indices are closely related to
the toxicological, physicochemical, pharmacological properties of a chemical compound.
The significance of topological indices is mainly related to their utilizing in Quantitative
Structure-Activity Relationship (QSAR) and Quantitative Structure-Property Relation-
ship (QSPR).

Now we recall some well known topological indices.

In 2010, Vukicevic and Gasperov [8, 10] introduced bond-additive topological index
namely, inverse sum indeg index as a significant predictor of total surface area of octane
isomers and is defined as
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ISIIG) = Y e {di“fgv]

D. Vukicevic and B. Furtula (2009) [9] introduced the Geometric-Arithmetic index and
is defined as

GA[G] =3 hepq) [Zduflf—udiv]

E. Estrada and et al, (1990) [1] introduced the atom bond connectivity index and is
defined as

ABCIG] = Leni [\/d;‘z]

It display an excellent correlation with the heat formation of alkane.
Gutman. T and Trinajstic. N (1972) [2] introduced the first zagreb index and is defined
as

My [G} = ZquE[G} [du + dv]

A. Milicevic et al. (2004) [7] introduced the first reformulated zagreb index and is
defined as

EM; [G] = ZquE[G] [du + dU - 2]2

Definition 1.1. [4] The jump-graph J(G) of a graph G is the graph defined on E(G)
where two vertices are adjacent if and only if their corresponding edges are mot adjacent

n G.

Definition 1.2. [6] The corona product of G® H of these two graphs is obtained by taking
one copy of G and ny copies of H and by joining each vertex of the it" copy of H to the
ith vertex of G, where 1 < i < nj.

In order to study bounds on g-graph, we divide the paper into few sections. The section
one contains preliminaries, definitions of well known topological indices which are useful
to prove our main results. Section two deals with new class of operator graph with their
properties. Section three consisting of results related to bounds for defined class of graph
using recalled topological indices. Paper conclude with the conclusion and references.

Let G and H be graphs with vertex sets V(G), V(H) and edge sets E(G), E(H)
respectively. The degree of vertex v is the number of vertices adjacent to v.

Let {V(G)NV(H) =0|g € V(G),h € V(H)}. The number of vertices and number of
edges in the graphs G and H are represented by ny , no and m; , meo respectively. We
have
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Ag > dega(9), da < dega(g)
Ay > degp(h), o < degp(h)

The bounds for different topological indices are obtained by many researchers [5].
Now we will define a new class of operator graph namely J-vertex corona product of
graph (p-graph).

Definition 1.3. The J(G)® H = p is a graph obtained from one copy of graph J(G) and
my copies of H and joining a vertex of V[J(G)], that is, on the it position in J(G) to
every vertez in the it" copy of H.

Properties of p-graph:
The p-graph has
(i). m1 + ming vertices

(ii). mi[meo + no + W e degG“JrgegG”] edges.

(iii). The degree of a vertex v € V|| is given by

degru + 1, if u e V[H]
degou = .
degyqyu+n2, ifu € V[J[G].

2. Bounds on various topological indices of o graph

In this section, we formulate the bounds on the IS5I, GA, ABC, My and EM; indices
of p-graph.

Theorem 1. Let G and H are two simple connected graphs, then the bounds for the
inverse sum indeg index of p are given by

2 A +my —2[Aq — 1] +ng
N [ml(ml -1) i (Ag — 1)} [(Tm —1) = 2[Ag — 1] +n2}

ISI[p] > mume(Lg + 1) + ming {(AH +1).[(m1 — 1) = 2[Ag — 1] + n2]:|

2 2
and
m1m2(6H+1) ((5H+1).[(m1 —1)—2[5@—1]—1—712]
< e T T
ISI[K)] - 2 +mne [ Og +mq — 2[(5@ — 1] —+ no

| g - | [ e

Proof.

Consider,
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ISI[p] = my Z [((degHU +1).(deggv + 1) } Z [((dng[G]e + n2).(degiq f + n2) ]

degpu + 1) + (deguv + 1) degigye + n2) + (degq f + n2)

weFE(H) efeE(J[G])

(degru + 1).(dng(G)e + ng)
> | |

+
degyu + 1) + (degya)e + n2)

ecV(J[G]) ueV (H)
(deggu +1).(deggv + 1) (degru + 1).(deg siye + n2)
degpu + 1) + (degrv + 1) (deguu + 1) + (deg jiqre + m)]
. Hml(ml - 1)] . [degcu + deggv — 2” [ (degsigie + n2)-(degsiq) f + n2) }
2 2 (degsigye + n2) + (degjq f + n2)

- oo

R [ (degpu + 1).(degpv + 1) } Hml(ml — 1)] . [deg(;u + deggv — 2”
(degpu+ 1) + (deggv + 1) 2 2
[ [(m1 — 1) — [deggu + deggv — 2] + na.[(m1 — 1) — [deggu + deggv — 2] + na] }
[((m1 — 1) — [deggu + deggv — 2] + no] + [(m1 — 1) — [deggu + deggv — 2] + na)

i [ (deggu +1).[(my — 1) — [deggu + deggv — 2] + ng) ]

1 (deggu + 1) + [(m1 — 1) — [deggu + deggv — 2] + na]
> [ (Ag +1).(Ag +1) }Jr [ (Ag +1).[(m1 — 1) = [Ag + Ag — 2] + ng) ]
STl AR+ )+ (Ag + 1) (Ag + 1)+ [(m1 — 1) — [Ag + Ag — 2] + ng]

n Hml(m21 — 1):| i |:AG + 2AG — 2:|:|

|: [(m1 — 1) — [AG + Ag — 2] +n2].[(m1 — 1) — [AG + Ag — 2] —I—ng] :|
[(m1 —1) = [Ag +Ag — 2] +na] + [(m1 — 1) — [Ag + Ag — 2] + ng]
T IR e

n |:|:m1<m1 — 1):| oy |:2<AG — 1):|:| |:(m1 — 1) — Q[AG — 1} + n2:| ‘

2 2 2

ISI[p] >

mlmg(AH -+ 1) *mn |:<AH + 1)[(m1 — 1) — Q[AG — 1] —|—7’L2]:|
2 12 AH+m1—2[A(;—1]+n2

mi(mi—1) [ —1) —2[Ac — 1]+ na |
1 e e

Similarly,

m1MQ((5H+1) [((5H+1).[(m1—1)—2[5(;—1]—|-n2q

ISTpl < ———— 72
s [@] - 2 + e 5H+m1—2[(5g—1]+n2
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e e R e |

Theorem 2. Let G and H are two simple connected graphs, then the bounds for the
geometric-arithmetic index of @ are given by

2m1n2\/(AH + 1).[(m1 — 1) — 2[AG — 1] -+ 77,2] n ml(ml — 1)

Alp| = —mi(Ag —1
GAlp] > mimg + An +m—2[Ag — 1] + 12 5 mi(Ag )
and
2 0 1). —1)—2[6g —1 —
G o] < mymy . 2/ O T D 0m 1)~ 205 1] |l =1)

5H+m1—2[5g—1]+n2 2

Proof.

Consider GA[p] =my Z [

uwveE(H)

{2\/@6%[@]6 + n2).(deg iq f + 712)]
(degsigie + n2) + (degjiq f + n2)

2y/(degru + 1).(degyv + 1)]
(deggu + 1) + (deggv + 1)

_|_
efeE(J[G)

P>

eeV(J|G])ueV(H

2\/ degyu +1).(degyaye + n2)
[ (degnu+1) + (deg )e+n2)}

2y/(degpu + 1).(degpv + 1)
(deggu + 1) + (deggv + 1)

2\/(degHu +1).(deg jicre + nQ)}

} e [ (deguu + 1) + (degjige + n2)

-

. Hml(ml - 1)] . [deggu + deggv — 2” [W(degnale +n2).(deg ey f + n2>]
2 2 (degjige + n2) + (deg g f + n2)
o [2\/(degHu+1).(degHv+l)}
(deggu + 1) + (deggv + 1)
oy [2\/(degHu +1).[(m1 — 1) — [deggu + deggv — 2] + ng]]
(deggu+ 1) + [(my — 1) — [deggu + deggv — 2] + na]
N Hml(ml — 1)] oy [degGu + degqv — 2”

2 2
[2\/ my — 1) — [deggu + deggv — 2] 4+ nal.[(m1 — 1) — [deggu + deggv — 2] + ngq
[(m1 — 1) — [deggu + deggv — 2] + na] + [(m1 — 1) — [deggu + deggv — 2] + ng)

> myms [2\/(AH + 1)(AH + 1):| {2m1n2\/(AH —+ 1),[(m1 — 1) — [AG + AG _ 2] 4 ng]

(Ag+1)+ (Ag+1) Ag+14+m —1—[Ac+ A —2]+n2
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ml(ml_l) Ag+Ag—2
e

[2\/[(m1 —1) = [Ag + Ag — 2] +ngl.[(m1 — 1) — [Ag + Ag — 2] + ng]
[(m1 —1) = [Ag + Ag — 2] +na] + [(m1 — 1) — [Ag + Ag — 2] + ng]

2m1n2\/(AH + 1)[(7711 — 1) — Z[AG — 1] + nz] " ml(ml — 1)

> - —1).
GA[@] = mams + Ay +my —Q[Ag— 1] + no 2 ml(AG )
Similarly,

2 4] 1). —1)—2[6g—1 -1
CAlo] < mymy 4 2y @ E DG = 1) = 200 1] | mmi =) o

5H+m1—2[5g—1]+n2 2

Theorem 3. Let G and H are two simple connected graphs, then the bounds for the
atom-bond connective index of g are given by

2A A —2A
ABC[@]ZWLNM[ H] +m1n2[\/[ H+my G+ n2 ]

(AH+1)2 AH—I—l}.[ml—l—Q[Ag—l]—an]
mi(my — 1) 2[m1 — 2A¢ + na)
" H 2 ] _ml(AG_l)} [\/[(ml—l)—Q[AG—lan]Q]
and
201 O +m1 — 20g + no
ABClo) < muma || 2 | + W RS e es]

o[ e -] [\/ T

Proof.
Consider
(deggu + 1) + (deggv + 1) — 2}
ABClp| =
[p] " uveZE:(H) [\/ (degHU + 1).(d6gHU + 1)
* > [ (degru+ 1) + (deg e+ n2) = 2]
e€V (J|G]) ueV(H) (degHU + 1)'(dng(G)€ + nZ)
+ [ (dng[G]e + TLZ) + (dng[G]f + n2) _ 2:|
) (degsicie + n2)-(deg s f + n2)

[ (deggu + 1) + (deggv + 1) — 2] . [ (deguu + 1) + (deg jige +n2) — 2
(deggu+1).(degpv + 1) 1 (deguu + 1).(deg s e + n2)
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N Hm1(m1 - 1)] - [degau + deggv — 2” [ (degsigie +n2) + (degjiq f + n2) — 2]
2 ' 2 (degjiqe + n2).(degiq f + n2)

B [\/(de(g;z;;—ul—)i_t;((i;g;;;:_li)— 2] Hml(m21 - 1)] . [deggu n ;leggv - 2”

[ [(m1 — 1) — [deggu + deggv — 2] + na] + [(m1 — 1) — [deggu + deggv — 2] + na| — 2]
[(m1 — 1) — [deggu + deggv — 2] + na.[(m1 — 1) — [deggu + deggv — 2] + na]

o (degpu + 1) + [(m1 — 1) — [degeu + deggv — 2] + ng] — 2
12 (deggu+1).[(mq — 1) — [deggu + deggv — 2] + na]

>mm[ (AH+1)+(AH+1)_2]+mn[ Ag+1+m —1—-[Ag+Ag—2]+ny—2
= (Ap +1).(Ag + 1) He [Ag +1].[m1 — 1= [Ag + Ag — 2] + ng)

e e

[ [(ml—1)—[AG+A0—2]+n2}+[(m1—1)—[AG+Ag—2}+ng]—2]
[(ml—l)— [Ag+Ag—2]+n2].[(m1—l)— [Ag—i-Ag—Q]—i-ng]

Q(AH+1>—2:|+ |: AH+m1—2[Ag—1]+n2—2 :|
(Ap + 1)2 TN TA Y + 1) [m1 — 1 - 2[Ag — 1] + na)

[ - m e M

> m1m2[

Q(AH+1—1)] mn[ Ag+my —2[Ag — 1+ 1] +ne ]
(A +1)2 U2V AL + 1. [my — 1 — 2[A¢ — 1] + na]

mim =] 2 —1-2[8¢ — 1] 4+ny - 1]
[ o ][4 |

> m1m2[

2 (m1 —1) = 2[Ag — 1] + na)?
2A g Ag+mp —2Ag+n
ABClp] > mlmQ[ INEE 1)2] + mine [\/[AH+ .im _11 “olAg _21] +n2]]
ml(ml — 1) 2[m1 —2AG+TL2}
[ e ) {\/[(ml—l)—%AG—leP]'

Similarly,

2% 0 +m1 —20g + n2
< _ “9H
ABC[@] > m1m2|: (5H + 1)2] T mang [\/[(5[{ -+ 1].[m1 -1- 2[56’ - 1] + nQ]]
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o[22 e ) {\/ [TE T

my1 — 1) — 2[dg — 1] + na)?

, 340-350 347

Theorem 4. Let G and H are two simple connected graphs, then the bounds for the first
zagreb index of g are given by

My[p] > 2mima(Apg + 1) + ming[Ag +my — 2[Ag — 1] 4 ng)

+2Hml(ml_1)} —mi(Ag — 1)] [m1—1—2[A¢ — 1] + na)

2
and
Mi[p] < 2mimao(dm + 1) + mune[dg +m1 — 2[0¢ — 1] 4 no]
N 2“"““”;‘”] — (b — 1)} [m1 — 1 —2[6G — 1] + na].
Proof.

Consider M;[p] = my Z [(degru + 1) + (deggv + 1)] + Z Z

(deguu + 1) + (degyae + n2)]
weE(H)

e€V (J|G]) ueV (H)

+ Z [(dng[G]e +n2) + (deg i) f + n2)]
efeE(J

= mlmg[(degHu +1) + (degmv + 1)] + ming[(degru + 1) + (degsigie + n2)]

n Hml(m;—l)] —my [degG“ + ;legGv - 2” [(degicie + n2) + (deg g f + n2)]
— mums(degru + 1) + (degrv + 1)] + HTm(le—l)] Cmy {degau + ;iegcv - 2”
[[((m1 — 1) = [deggu + deggv — 2] + na] + [(m1 — 1)

— [deggu + deggv — 2] + na]
+ ming[(degru + 1) + [(m1 — 1) — [deggu + deggv — 2] + na|

>mimo[(Ag + 1)+ (Ag + )] + mine[Ag +1+my — 1 - [Ag + Ag — 2] + na)
+ { ml(mzl_l)] —m {WH 2[(m1 — 1) = [Ag + Ag — 2] + na]]

> lemQ(AH + 1) + man[AH +mq — Q[AG — 1] + nz]

12 ml(m; =D [2(AG2_ 1)” [m1— 1 —2[A¢ — 1] + na).
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Ml[p] > 2m1m2(AH + 1) + m1n2[AH +my — Q[AG — 1] + ng]

o[0T (8 - 1)l — 1~ 2086 — 1+ 0.

Similarly,
Mi[p] < 2mimo (g + 1) + mina[6u +m1 — 2[0g — 1] + ng]

+2Hm1(m;_1)] —m (0 — 1)} [m1 —1—2[0¢ — 1] + na].

Theorem 5. Let G and H are two simple connected graphs, then the bounds for the first
reformulated zagreb index of o are given by

EM[p] > 4mimeAY + muna[Ag +mi — 2A¢ + na)?
-1
n 4“”’“(7”21)} —mi(Ag — 1)] [m1 — 2A¢ + no)?
and
EM[p] < 4m1m2512q + mine[0g +my1 — 20¢ + n2]2

+ 4“””(7”21_1)] — mi(6g — 1)} [m1 — 26¢ + nal?.

Proof.

Consider, EM;[p] = my Z [(degpu + 1) + (deggv + 1) — 2]2
weE(H)

+ Y ) [(deghu+1) + (deg e + ng) — 2
ecV(J[G]) ueV (H)

+ ) [(deggige +n2) + (deg ey f + n2) — 2
efeE(J[G])
= mlmg[(degHu + 1) + (degHU + 1) — 2]2 + m1n2[(degHu + 1) + (dng[G}e + ng) — 2]2

-1 d +d -2
i [t =] [ desen - desce

” [(degsigre + n2) + (deg ey f + na) — 2]
my(my — 1) degau + deggv — 2
S e R s
{1 — 1) — [degqu + deggo — 2] +ns] + [(m1 — 1) — [degu + deggv — 2] + na] — 2

+ mins[(degru + 1) 4 [(m1 — 1) — [degau + deggv — 2] + ng] — 2]?
mi(my — 1)] oy [AG + Ag — 2”

= mima|(degru + 1) + (deggv + 1) — 2]2 + H

2 2
[m = 1) = [Bg + Ag = 2+ ma] + [(m1 — 1) = [Aq + A 2] + ] - 2

> mime[(Ag +1) + (A +1) — 2]* + H
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+m1n2[AH—|—1+m1—1—[AG+Ag—2]+n2—2]2
my(my — 1) 2(Ag — 1)
=] - [F5 ]
[2[(m1 — 1) — Q[AG - 1] + ng] — 2]2 + mlng[AH +mi — Q[AG — 1] +ng — 2]2

> mimaf2( +1) -2+ |

ma (m1 —
2

+ man[AH +m1 — Q[AG -1+ 1] + n2]2

> dmymalAg +1— 12 + H 1>] — i (Ag — 1)] 2lmy —1— 2[Ag — 1]+ ng — 112

[[my(mq —1)] |
> 4m1m2A%+m1n2[AH—l—m1 —2Ag+n2]2+4 1(21) —ml(Ag— 1)
[m1 —2Aqg + ng]z.
- D -
EMi[p] > dmimaAY + mina[Ag +my — 2A¢ +no)? + 4 ml(m; L)

[m1 — 2Aq + n2]2.
Similarly,

1
EM,[p] < 4mimad? + ming[dy + my — 20¢ + nol? + 4 [ [ml(m;)} —my(0g — 1)]

[m1 —20¢ + n2]2.

3. Conclusion

In this work, we considered p-graph and concentrated five important topological indices
and determine their bounds. Similar way, researchers can considering different class of
topological indices and determine their corresponding bounds for p-graph.

Acknowledgements

The authors thankful to Referee for improvement of the paper.

References

[1] E. Estrada. Atom-bond connectivity and the energetic of branched alkanes. Chemical
Physics Letters, 463:422-425, 2008.

[2] I. Gutman and N. Trinajstic. Graph theory and molecular obitals. Total m-electron
energy of alternate hydrocarbons. Chemical Physics Letters, 17:535-538, 1972.



REFERENCES 350

[3]

[4]

[10]

Winer. H. Structural determination of paraffin boiling points. Journal of american
chemical society, 69:17-20, 1947.

V. Lokesha, M. Manjunath, B. Chaluvaraju, K. M. Devendraiah, I. N. Cangul, and
A. S. Cevik. Computation of Adriatic indices of certain operators of regular and com-

plete bipartite graphs. Advanced Studies in Contemporary Mathematics, 28(2):231—
244, 2018.

V. Lokesha, B. Shwetha Shetty, P. S. Ranjini, I. N. Cangul, and A. S. Cevik.
New bounds for Randic and GA indices. Journal of inequalities and applications,
1(180):01-07, 2013.

M. Manjunath and V. Lokesha. S-Corona operations of standard graphs in terms of
degree sequences. Proceedings of the jangjeon Mathematical society, 23(2):149-157,
2020.

A. Milicevic, S. Nikolic, and N. Trinajstic. On reformulated Zagreb indices. Molecular
Divers, 8:393-399, 2004.

D. Vukicevic. Bond Additive Modeling 2. Mathematical Properties of Max-min Rodeg
Index. Croatica chemical acta, 83(3):261-273, 2010.

D. Vukicevic and B. Furtula. Topological index based on the ratios of geometrical and
arithmetical mean of end-vertex degrees of edges of edges. Journal of Mathematical
Chemistry, 26:1369-1376, 2009.

D. Vukicevic and M. Gasperov. Bond Additive Modeling 1. Adriatic Indices. Croatica
chemical acta, pages 243-260, 2010.



